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thank them for their work.
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Discovery of Invariants through
Automated Theory Formation *

Maria Teresa Llano® Andrew Ireland Alison Pease
Heriot-Watt University University of Edinburgh
School of Mathematical and Computer Sciences School of Informatics

Refinement is a powerful mechanism for mastering the complexities that arise when formally mod-
elling systems. Refinement also brings with it additional proof obligations — requiring a developer to
discover properties relating to their design decisions. With the goal of reducing this burden, we have
investigated how a general purpose theory formation tool, HR, can be used to automate the discovery
of such properties within the context of Event-B. Here we develop a heuristic approach to the auto-
matic discovery of invariants and report upon a series of experiments that we undertook in order to
evaluate our approach. The set of heuristics developed provides systematic guidance in tailoring HR
for a given Event-B development. These heuristics are based upon proof-failure analysis, and have
given rise to some promising results.

1 Introduction

By allowing a developer to incrementally introduce design details, refinement provides a powerful mech-
anism for mastering the complexities that arise when formally modelling systems. This benefit comes
with proof obligations (POs) — the task of proving the correctness of each refinement step. Discharging
such proof obligations typically requires a developer to supply properties — properties that relate to their
design decisions. Ideally automation should be provided to support the discovery of such properties,
allowing the developer to focus on design decisions rather than analysing failed proof obligations.

With this goal in mind, we have developed a heuristic approach for the automatic discovery of in-
variants in order to support the formal modelling of systems. Our approach, shown in Figure 1, involves
three components:

e a simulation component that generates system traces,

e an Automatic Theory Formation (ATF) component that generates conjectures from the analysis of
the traces and,

e a formal modelling component that supports proof and proof failure analysis.

Crucially, proof and proof failure analysis is used to tailor the theory formation component.

From a modelling perspective we have focused on Event-B [1] and the Rodin tool-set [2], in particular
we have used the ProB animator plug-in [14] for the simulation component. In terms of ATF, we have
used a general-purpose system called HR [4]. Generating invariants from the analysis of ProB animation
traces is an approach analogous to that of the Daikon system [9]; however, while Daikon is tailored for
programming languages here we focus on formal models. We come back to this in §6.

*The research reported in this paper is supported by EPSRC grants EP/F037058 and EP/F035594.
"Maria Teresa Llano is partially funded by a BAE Systems studentship.

J. Derrick , E.A. Boiten, S. Reeves (Eds.): © M.T. Llano, A. Ireland & A. Pease
Refinement Workshop 2011. This work is licensed under the
EPTCS 55, 2011, pp. 1-19, doi:10.4204/EPTCS.55.1 Creative Commons Attribution License.
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Figure 1: Approach for the automatic discovery of invariants.

Traces

Our investigation involved a series of experiments, drawing upon examples which include Abrial’s
“Cars on a Bridge” [1] and the Mondex case study by Butler et al. [3] . Our initial experiments high-
lighted the power of HR as a tool for automating the discovery of both system and gluing invariants
— system invariants introduce requirements of the system while gluing invariants relate the state of the
refined model with the state of the abstract model. However, our experiments also showed significant
limitations: i) selecting the right configuration for HR according to the domain at hand, i.e. selection of
production rules and the number of theory formation steps needed to generate the missing invariants, and
i) the overwhelming number of conjectures that are generated. This led us to consider how HR could be
systematically tailored to provide practical support during an Event-B development. As a result we de-
veloped a set of heuristics which are based upon proof-failure analysis. These heuristics have given rise
to some promising results and are the main focus of this paper. Although we show here the application of
our technique in the context of Event-B, we believe our approach can be applied to any refinement style
formal modelling framework that supports simulation and that uses proof in order to verify refinement
steps.

The remainder of this paper is organised as follows. In §2 we provide background on both Event-B
and HR. The application of HR within the context of Event-B is described in §3, along with the limitations
highlighted above. In §4 we present our heuristics, and describe their rationale. Our experimental results
are given in §5, while related and future work are discussed in §6.

2 Background

2.1 Event-B

Event-B promotes an incremental style of formal modelling, where each step of a development is un-
derpinned by formal reasoning. An Event-B development is structured around models and contexts. A
context represents the static parts of a system, i.e. constants and axioms, while the dynamic parts are rep-
resented by models. Models have a state, i.e. variables, which are updated via guarded actions, known
as events, and are constrained by invariants.

To illustrate the basic features of a refinement consider the two events shown in Figure 2, which
are part of the Mondex development [3]. The Mondex system models the transfer of money between
electronic purses. The event StartFrom handles the initiation of a transaction on the side of the source
purse. In order to initiate a transaction, the source purse must be in the idle state (waiting state) and
after the transaction has been initiated the state of the purse must be changed to epr (expecting request).
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As shown in Figure 2, in this step of the refinement the abstract model represents the state of purses by
disjoint sets, i.e. the variables eprP and idleFP, while the concrete model handles these states through a
function, i.e. the variable starusF, which maps a purse to an enumerated set that represents the current
state, 1.e. the constants IDLEF and EPR.

Concrete event
StartFrom =
refines StartFrom

Abstract event
StartFrom =

any t, pl
wherep any . pl
. where
pl € idleFP pl > IDLEF € statusF
then

then
eprP :=eprP U {p1} _
idleFP := idleFP \ {p1} statusF(pl) := EPR

end end

Figure 2: Abstract and concrete views of event StartFrom.

Note that the keyword refines specifies the event being refined, while the keywords any, where and
then delimit event parameters, guards and actions respectively. Note also that the concrete event on the
right represents a refinement of the abstract event on the left.

In order to verify this refinement an invariant is required that relates the concrete and abstract states —
these are known as gluing invariants. In the case of the events given above, the required gluing invariant
takes the form:

idleFP = statusF ! [{IDLEF}] (1)

This invariant states that the abstract set idleF'P can be obtained from the inverse of the function
statusF evaluated over the enumerated set IDLEF. A similar gluing invariant would be required for the
abstract set eprP and the function statusF. Within the Rodin toolset!, the user is required to supply such
gluing invariants. Likewise, invariants relating to state variables within a single model must also be
supplied by the user — what we refer to here as system invariants. To illustrate, the following disjointness
property represents an invariant of the abstract event above:

eprP N idleFP = ¢

From a theoretical perspective such invariants are typically not very challenging. They are how-
ever numerous and represent a significant obstacle to increasing the accessibility of formal refinement
approaches such as Event-B.

2.2 Automated theory formation and HR

Lenat developed one of the earliest examples of a discovery system in mathematics; Automated Math-
ematician (AM) [12] and its successor Eurisko [13]. Despite subsequent methodological criticism of

IRodin provides an Eclipse based platform for Event-B, with a range of modelling and reasoning plug-ins, e.g. UML-B
[23], ProB model checker and animator [14], B4free theorem prover (http://www.bdfree.com).
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Lenat’s work [22], he did show us that it is possible to formalise heuristics for discovery in mathematics.
Colton has developed this intuition in his HR machine learning system? [4]. HR performs descriptive
induction to form a theory about a set of objects of interest which are described by a set of core con-
cepts (this is in contrast to predictive learning systems which are used to solve the particular problem
of finding a definition for a target concept). Based on Colton’s observation that it is possible to gain an
understanding of a complex concept by decomposing it via small steps into simpler concepts, Colton
defined production rules which take in concepts and make small changes to produce further concepts.

HR constructs a theory by finding examples of objects of interest, inventing new concepts, making
plausible statements relating those concepts, evaluating both concepts and statements and, if working in
a mathematical domain, proving or disproving the statements. Objects of interest are the entities which a
theory discusses. For instance, in number theory the objects of interest are integers, in group theory they
are groups, etc. Concepts are either provided by the user (core concepts) or developed by HR (non-core
concepts) and have an associated data table (or table of examples). The data table is a function from an
object of interest, such as the number 1, or the prime 3, to a truth value or a set of objects.

Each production rule is generic and works by performing operations on the content of one or two
input data tables and a set of parameterisations in order to produce a new output data table, thus forming
a new concept. The production rules and parameterisations are usually applied automatically according
to a search strategy which has been entered by the user, and are applied repeatedly until HR has either
exhausted the search space or has reached a user-defined number of theory formation steps to perform.
Production rules include:

e The split rule: this extracts the list of examples of a concept for which some given parameters hold.
e The negate rule: this negates predicates in the new definition.
e The compose rule: combines predicates from two old concepts in the new concept.

e The arithmetic rule: performs arithmetic operations (+, -, *, =) on specified entries of two con-
cepts.

e The numrelation rule: performs arithmetic comparisons (<, >, <, >) on specified entries of two
concepts.

Each time a new concept is generated, HR checks to see whether it can make conjectures with it.
This could be equivalence conjectures, if the new concept has the same data table as a previous concept;
implication conjectures, if the data table of the new concept either subsumes or is subsumed by that of
another concept, or non-existence conjectures, if the data table for the new concept is empty.

Thus, the theories HR produces contain concepts which relate the objects of interest; conjectures
which relate the concepts; and proofs which explain the conjectures. Theories are constructed via theory
formation steps which attempt to construct a new concept and, if successful, formulate conjectures and
evaluate the results. HR has been used for a variety of discovery projects, including mathematics and
scientific domains (it has been particularly successful in number theory [6] and algebraic domains [19])
and constraint solvers [8, 21].

As an example, we show how HR produces the concept of prime numbers and the conjecture that
all prime numbers are non-squares. Figure 3 shows the data tables used by HR for the formation of the
concept of prime numbers.

In order to generate this concept, HR would take in the concept of divisors (b|a where b is a divisor
of a), represented by a data table for a subset of integers (partially shown in Figure 3 for integers from

HR is named after mathematicians Godfrey Harold Hardy (1877 - 1947) and Srinivasa Aiyangar Ramanujan (1887 - 1920).
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DlVlSOI'.S - Tau function
. divisor —
integer bla integer number of divisors
{b: bla}|
1 1 <
) 1 1 1 Primes
5 ) 2 2 2= |{b: bla}|
. 3 2 . integer
3 1 size < 1> split<2=2>
4 3 2
3 3 — —
5 2 3
6 4 5
10 1 7 2 7
8 4
10 2
9 3
10 > 10 4
10 10

Figure 3: Steps applied by HR to produce the concept of prime numbers.

1 to 10). Then, HR would apply the size production rule with the parameterisation < 1 >. This means
that the number of tuples for each entry in column 1 are counted, and this number is then recorded for
each entry. For instance, in the data table representing the concept of divisors, 1 appears only once in the
first column, 2 and 3 appear twice each, and 10 appears four times. This number is recorded next to the
entries in a new data table (the table for the concept Tau function). HR then takes in this new concept
and applies the split production rule with the parameterisation < 2 = 2 >, which means that it produces
a new data table consisting of those entries in the previous data table whose value in the second column
is 2. This is the concept of a prime number.

After this concept has been formed HR checks to see whether the data table is equivalent to, sub-
sumed by, or subsumes another data table, or whether it is empty. Assuming the concept of non-square
numbers has been formed previously by HR, the data tables of both the concept of prime numbers and
the concept of non-square numbers, shown in Figure 4, are compared.

Non-square numbers
Prime numbers —(exists b.(b|3 & bxb=a))
2 = [{b : blaj| 3
2
5
3
6
5
7 7
8
10

Figure 4: Data tables for the concepts of prime and non-square numbers.

HR would immediately see that all of its prime numbers are also non-squares, and so conjectures that
this is true for all prime numbers. That is, it will make the following implication conjecture:

2 =|{b: bla}| = —(existsb.(bla& bxb=a))
—_—

~~

prime number non-square number
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3 Automated theory formation for Event-B models with HR

In this section we show how gluing invariant (1) introduced in the example of §2.1 can be generated
through the use of theory formation and, in particular, with the HR system.

3.1 Construction of conjectures in the domain of the Mondex system

HR’s input consists of a set of core concepts that describe the domain. With respect to Event-B models,
these core concepts are represented by the state of the system, i.e. variables, and by the static information
given in the context of the model, i.e. constants and sets. Furthermore, a concept is composed of a series
of examples. Here, animation traces are used to provide HR with a list of examples for each of the
concepts of an Event-B model. As mentioned before, we use ProB [14] to animate the models. For the
purpose of the example, in Figure 5 we introduce some of the core concepts with their respective data
tables — which were generated through the animation of the model with the ProB system.

is‘geFP(A’Bé statusF(A,B,C)
urse
state(A) o gurse3 S5 | purse3 IDLEF
SO S6 | purse3 IDLEF
S1 S6 | purseS S6 | purseS IDLEF
o status(A) S7 | purse5 S7 | purse3 EPR
S U]);l;ﬁl: 58189 P“rsei S7 | purse5 |  IDLEF
sS4 purseSet(A) purse S8 purse3 EPR
EPA S25 | purseS S8 IDLEF
S5 pursel purse5
ABORTEPR ) S29 | pursel . ) .
S6 ABORTEPA p“;z; $30 | pursel : : :
7 ENDF pur ) S31 | pursel | | S29 | pursel IDLEF
S8 IDLET pﬁrzz < $38 | purse5 | | S29 | purse5 | ABORTEPR
9 EPV P $39 | purses | | S30 | pursel IDLEF
S10 ABORTEPV S40 | purse5 | | S30 | purse5 | ABORTEPR
ENDT S44 | purseS S31 | pursel IDLEF
S58 S45 | purseS S31 | purseS | ABORTEPR
S59 S52 | purseS : : :
S53 | purseS : : :
S54 | purses S59 | pursel | ABORTEPA

Figure 5: Core concepts supplied to HR

Then, HR applied all possible combinations of concepts and production rules in order to generate
new concepts and form conjectures. After the 433 step, HR formed the concept of the set of purses
whose status in function statusF maps to IDLEF by applying the split production rule. The application
of this step is illustrated in Figure 6. An intermediate output is generated with all tuples of concept
statusF whose third column matches the parameter IDLEF. Since the third column is the same for all
tuples of the intermediate concept, this column is removed from the final output concept.

Immediately after the generation of new concepts, HR looks for relationships with other existing
concepts. As shown in Figure 7, HR found that the new concept has the same list of examples as concept
idleFP, which gives rise to the following equivalence conjecture:

VA, B.(state(A) A purseSet(B) A idleFP(A,B) < status(IDLEF) A statusF(A,B,IDLEF))

which can be represented in Event-B as (1).
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Tnput Intermediate Output
statusF(A,B,C) statusF(A,B,IDLEF) statusF_IDLEF(A,B)

S5 | purse3 IDLEF S5 | purse3 | IDLEF S5 purse3
S6 | purse3 IDLEF S6 | purse3 | IDLEF S6 purse3
S6 | purses IDLEF S6 | purse5 | IDLEF S6 purseS
S7 | purse3 EPR S7 | purse5 | IDLEF S7 purse5
S7 | purses IDLEF S8 | purseS | IDLEF S8 purseS
S8 | purse3 EPR S19 | purse4 | IDLEF S19 purse4
S8 | purses IDLEF S25 | purseS | IDLEF S25 purse5

) ) ) split<3,IDLEF> | S29 | pursel | IDLEF N S29 pursel

: : : — S30 | pursel | IDLEF S30 pursel
S29 | pursel IDLEF S31 | pursel | IDLEF S31 pursel
S29 | purseS | ABORTEPR S38 | purseS | IDLEF S38 purseS
S30 | pursel IDLEF S39 | purse5 | IDLEF S39 purseS
S30 | purse5 | ABORTEPR S40 | purse5 | IDLEF S40 purseS
S31 | pursel IDLEF S44 | purseS | IDLEF S44 purse5
S31 | purse5 | ABORTEPR S45 | purse5 | IDLEF S45 purseS

. . . S52 | purseS | IDLEF S52 purseS

: : : S53 | purseS | IDLEF S53 purse5
S59 | pursel | ABORTEPA S54 | purse5 | IDLEF S54 purse5

Figure 6: Split rule applied to obtain the concept of purses whose status in function statusF is IDLEF.

statusF_IDLEF(A,B) idleFP(A,B)
S5 purse3 S5 | purse3
S6 purse3 S6 | purse3
S6 purseS S6 | purseS
S7 purseS S7 | purseS
S8 purse5 S8 | purseS
S19 purse4 S19 | purse4
S25 purse5 S25 | purse5
S29 pursel S29 | pursel
S30 pursel = S30 | pursel
S31 pursel S31 | pursel
S38 purseS S38 | purse5
S39 purse5 S39 | purseS
5S40 purseS S40 | purseS
S44 purseS S44 | purse5
S45 purseS S45 | purseS
S52 purseS S52 | purseS
S53 purseS S53 | purse5
S54 purseS S54 | purseS

Figure 7: Formed equivalence conjecture.

3.2 Challenges in applying HR

For the domain of the Mondex system a total of 4545 conjectures were generated after 1000 formation
steps. As can be observed, this is a considerable set of conjectures to analyse. In general, using HR for
the discovery of invariants presented us with three main challenges:

1. The HR theory formation mechanism consists of an iterative application of production rules over
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existing and new concepts. In order for HR to perform an exhaustive search, all possible combina-
tions of production rules and concepts must be carried out. However, there is not a fixed number
of theory formation steps set up for this process, since this varies depending on the domain, i.e.
some domains need more theory formation steps than others. This represented a challenge for the
use of HR in the discovery of invariants since it was possible that an invariant had not been formed
only because not enough formation steps were run.

2. Some production rules are more effective in certain domains than others. Selecting the appropriate
production rules results in the construction of a more interesting theory. For instance, if we are
looking at a refinement step in an Event-B model that introduces a partition of sets we expect the
new invariants to define properties over the new sets; therefore, production rules like the arithmetic
production rule will not be of much interest in the development of the theory associated to the
refinement step. Automatically selecting appropriate production rules requires knowledge about
the domain; therefore, a technique was needed in order to perform this selection.

3. Finally, as highlighted in our example, HR produces a large number of conjectures — in our ex-
periments some where in the range of 3000 to 12000 conjectures per run — from which only a
very small set represented interesting invariants of the system. Thus, our main challenge was to
find a way of automatically selecting the conjectures that are interesting for the domain among the
conjectures obtained from HR.

In order to overcome these challenges, we have developed an approach that uses proof failure analysis

to guide the search in HR. In the next section, we introduce this approach and illustrate its application,
based on our running example from the Mondex case study.

4 Proof failure analysis and HR

In order to use HR, a user must first configure the system for their application domain. This involves
the user in selecting production rules and conjecture making techniques, as well as deciding how many
steps HR should be run. In the example introduced in §3.1, the application of the split production rule
with respect to the concept statusF, for the value IDLEF, is an informed decision, based upon the user’s
knowledge of the model. On its own, HR does not have the capability of applying this type of reasoning.
Often particular combinations of these parameters turn out to be useful for different domains. Finding
the right combination is largely a process of trial and error.

Here we have developed a heuristic approach with the aim of automating this trial and error process.
Our heuristics exploit the strong interplay between modelling and reasoning in Event-B. In the context
of the discovery of invariants through theory formation, we use the feedback provided by failed POs to
make decisions about how to configure HR in order to guide the search for invariants. Specifically, our
approach consists of analysing the structure of failed POs so that we can automate:

1. the prioritisation in the development of conjectures about specific concepts,

2. the selection of appropriate production rules that increase the possibilities of producing the missing
invariants and,

3. the filtering of the final set of conjectures to be analysed as possible candidate invariants.

4.1 Heuristics

Our heuristics constrain the search for invariants by focusing HR on concepts that occur within failed
POs. We use two classes of heuristics — those used in configuring HR, i.e. Pre-Heuristics (PH), and
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those used in selecting conjectures from HR’s output, i.e. Selection Heuristics (SH). Below we explain
each class of heuristics in turn:

4.1.1 HR configuration heuristics

We use two overall heuristics when configuring HR for a given Event-B refinement:

PH1.

PH2.

Prioritise core and non-core concepts that occur within the failed POs as follows:.

Goal concepts: concepts that appear within the goals of the failed POs.

Hypotheses concepts: concepts that appear within the hypotheses of the failed POs.

Other concepts: concepts that do not appear within the failed POs.

Select production rules which will give rise to conjectures relating to the concepts occurring within
the failed POs, i.e.

Split rule: is selected if members of finite sets occur.

Arithmetic rule: is selected if there are occurrences of arithmetic operators, e.g. +,-,%/.
Numrelation rule: is selected if there are occurrences of relational operators, e.g. >,<,<,>.

In addition, because of the set theoretic nature of Event-B, the compose, disjunct and negate pro-
duction rules are always used in the search for invariants — where compose relates to conjunction

and intersection, disjunct relates to disjunction and union and negate relates to negation and set
complement.

Below we provide the rationale for these heuristics:

e As explained in §2.2, HR uses the agenda mechanism to organise the theory formation steps. The

purpose of PH1 is to give higher priority to core and non-core concepts that occur within the failed
POs, which means HR will generate related conjectures earlier within the theory formation process
by having the prioritised concepts in the top of the agenda.

Furthermore, we have observed that in most cases, we are able to identify the missing invariants
by focusing in the first instance on the concepts that arise within the goals of the failed POs. As
a result, such concepts are assigned the highest priority in the application of heuristic PH1. The
concepts associated to the hypotheses follow in order of interest, while the remaining concepts are
given the lesser priority.

The missing invariants that are required in order to overcome proof failures will typically have
strong syntactic similarities with the failed POs. This is the intuition behind PH2, which selects
production rules that focus HR’s theory formation process on such syntactic similarities.

As will be shown in §5, the empirical evidence we have gathered so far supports our rationale.

4.1.2 Conjecture selection heuristics

In order to prune the set of conjectures generated by HR, we use the following five selection heuristics:

SHI1.
SH2.

SH3.

Select conjectures that focus purely on prioritised core and non-core concepts.
Select conjectures where the sets of variables occurring on the left- and right-hand sides are
disjoint.

Select only the most general conjectures.
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SH4. Select conjectures that discharge the failed POs.
SHS. Select conjectures that minimise the number of additional proof failures that are introduced.
The rationale for these heuristics is as follows:

e SHI1 initiates the pruning of uninteresting conjectures by selecting those that describe properties
about the prioritised core and non-core concepts (as identified by PH1). Furthermore, the selected
conjectures should focus purely on the prioritised concepts; this means that we are interested only
in equivalence and implication conjectures of the forms:

o< f
o=p
B=a

where o relates to a prioritised core or non-core concept and 3 to any other concept. All non-
existence conjectures associated with the prioritised concepts are selected. Note that this selection
criteria still gives rise to a large set of conjectures. However, as explained in the rationale of PH1
in §4.1.1, in most cases we have identified the missing invariants by focusing first on the concepts
associated to the goals of the failed POs. For the selection process the same reasoning is followed
and, therefore, heuristics SH1 to SH5 are focused first on conjectures associated to the concepts
of the goals identified by the application of PHI1. If no candidate invariants are found, or if old
failures are still not addressed by the identified invariants, then the selection process starts again
from SH1 to SHS5 but focused on the conjectures associated with the concepts of the hypotheses.

e SH2 further prunes the set of conjectures by selecting only those that do not use the same vari-
able(s) in both sides of the conjecture. The reason for this is that invariants in Event-B typically
express relationships between different variables of the model.

e SH3 is used to eliminate redundancies amongst the set of selected conjectures by removing those
that are logically implied by more general conjectures.

e SH4 is used to select candidate invariants which discharge the given failed POs.

e Potentially, overcoming one proof failure via the introduction of missing invariants may give rise
to new proof fails. SHS selects conjectures that discharge the failed POs, whilst minimising the
number of new failed POs that are introduced. This iterative approach to discovering all the miss-
ing invariants is typical of Event-B developments, as described in Section 5 of [3], where invariant
discovery is manual. Of course, if a development is incorrect, then this process will not terminate.
We return to the issue of working with incorrect developments in §6.

Note that the selection conjectures must be applied in order from SH1 to SHS so as to optimise the
selection procedure.

4.2 Worked example

We now illustrate the application of our heuristics by returning to the refinement step described in §3.1.
Recall that the gluing invariant (1) was required in order for the correctness of the refinement to be
proved. When this invariant is missing from the model, an unprovable guard strengthening (GRD) PO?,
as shown in Figure 8, is generated. The failed PO shows that the guard p/ € idleF'P of the abstract event
is not implied by the guards of the concrete event.

3 A GRD PO verifies that the guards of a refined event imply the guards of the abstract event.
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Failed PO:

pl — IDLEF ¢ statusF

t € startFromM

pl = from(t)

Fseqno(t) = currentSeqNo(p1)
},

pl € idleFP

Figure 8: Failed GRD PO resulting from a missing gluing invariant

We start the process of invariant discovery with the application of heuristic PH1. We extract the list
of core concepts that occur in the failed PO, giving them higher priority within the theory formation
process. The extracted concepts are:

idleFP, statusF, status, startFromM, from, FSeqno and currentSeqNo

Except for status, all these concepts explicitly occur within the PO. Note that status is added because
the constant /DLEF is a representative of the set status.

Regarding non-core concepts, the hypothesis p/ — IDLEF € statusF in the failed PO suggests that
function statusF maps an arbitrary purse to the status /DLEF. This is an example of a non-core concept.
This concept is obtained through the application of the split production rule over the concept statusF on
the value IDLEF. No other non-core concepts are identified in the PO.

The next step is the selection of the production rules. The following production rules are used in the
invariant discovery process:

compose, disjunct, negate and split

The compose, disjunct and negate production rules are always used in the search, as defined by
heuristic PH2. The split production rule is selected because hypothesis p/ +— IDLEF € statusF makes
reference to a member of the finite set stafus: namely, the constant IDLEF. Thus, the split production
rule is applied over the finite set status and the values to split are all the members of the set, i.e.: IDLEF,
EPR, EPA, ABORTEPR, ABORTEPA, ENDEF, IDLET, EPV, ABORTEPV and ENDT.

After the application of the PH heuristics, the initial configuration of HR is complete. By running
HR for 1000 steps, 2134 conjectures were formed. This should be compared with the 4545 conjectures
that are generated if our PH heuristics are not used to configure HR.

Now turning to the SH heuristics, SH1 selects conjectures that relate to the prioritised concepts that
appear within the goal of the failed PO. In our example, this focuses on conjectures that involve the
concept idleFP. After applying SH1 we obtained:

4 equivalences, 2 implications and 79 non-exists conjectures

The application of SH2 removes conjectures whose left- and right-hand sides are not disjoint with
respect to the variable occurrences. The application of SH2 yields the following results:

1 equivalence, 2 implications and 79 non-exists conjectures

Through the application of SH3, less general conjectures are removed. Applying this heuristic pro-
duces:

1 equivalence, 2 implications and 46 non-exists conjectures
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SH4 selects only conjectures that discharge the failed PO, the results of this step are:
I equivalence, 0 implications and 0 non-exists conjectures

Only one conjecture discharges the failed PO. Furthermore, this conjecture does not introduce any
additional failures; therefore, it represents an invariant. Within HR the invariant takes the form:

VA, B.(state(A) A purseSet(B) A idleFP(A,B) < status(IDLEF) A statusF(A,B,IDLEF))

which translates into the missing gluing invariant (1). It should be noted that this conjecture was
formed by HR after one theory formation step. This shows that, in this example, our heuristics guided
HR to discover interesting conjectures early within the theory formation process.

S Experimental results

The experiments we carried out were divided into two stages. The first stage involved the development
of our heuristics, and was based upon four relatively simple Event-B models, as described below:

1. Traffic light system: This model represents a traffic light circuit that controls the sequencing of
lights. It is composed of an abstract model and involves a single refinement. The abstract model
controls the red and green lights, while the refinement introduces a third light to the sequence, i.e.
an amber light.

2. Two representations of a vending machine:

o Set-like representation: This model of a vending machine controls the stock of products
through the use of states. It is composed of an abstract and a concrete model. The abstract
model represents the states of products using state sets, while the refinement introduces a
status function that maps products to their states.

o Arithmetic-like representation: This model of the vending machine uses natural numbers to
represent the stock and money held within the machine. While the abstract model deals with
a single product, the refinement introduces a second product to the vending machine.

3. Refinements 1 and 2 of Abrial’s cars on a bridge system [ 1]: Models a system that controls the flow
of cars on a bridge that connects a mainland to an island. At the abstract level, cars are modelled
leaving and entering the island, the first refinement introduces the requirement that the bridge only
supports one way traffic, while the second refinement introduces traffic lights.

We used the second stage of our experiments to evaluate the heuristics developed during stage one.
Here the experiments were performed on more complex Event-B models:

1. Refinement 3 of Abrial’s cars on a bridge system [1]: The third refinement of this system models
the introduction of sensors that detect the physical presence of cars.

2. The Mondex system [3]: Models an electronic purse that allows the transfer of money between
purses. This development is composed of one abstract model and nine refinement steps. We
targeted the third, fourth and eighth refinement steps. The third refinement handles dual state
sets in both sides of a transaction in order to handle information locally. The fourth refinement
introduces the use of messaging channels between purses and the eighth refinement introduces a
status function that maps purses to their states instead of using state sets.
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In the work reported in [3], it was highlighted that the manual analysis of failed POs was used to guide
the construction of gluing invariants. In particular, this was illustrated in the third step of the refinement
in which, through the analysis of failed POs, and after three iterations of invariant strengthening, the set
of invariants needed to prove the refinement between levels three and four were added to the model. As
part of our experiments we attempted the re-construction of the Mondex system in Event-B based on the
development presented in [3]. In the following section we present the results obtained by the application
of our approach to the refinement between levels three and four of the Mondex system, and we show that
these results are similar to the ones obtained through the interactive development [3].

5.1 The Mondex system

In level three of the Mondex system a transaction is permitted to be in one of four states: idle, pending,
recover or ended, while the refinement in level four introduces dual states to a transaction so that each
side has their own local protocol state. In order to evaluate our approach, we introduced the model in
level 4 with only basic typing invariants. The absence of the invariants produces the failed POs shown in
Figure 9.

PO2: PO3:
PO1:
pl € purse t € epv POS:
pl € purse
{ € epr p2 € purse t € abortepa pl € purse
p t€epv F t € abortepa
t € epv U abortepv .
t € epa U abortepa t € pending t € abortepv
pl = from(t)
acN aeN aeN
a = am(t) PO4: a=am(t)
a = am(t)
pl = from(t) t € epa pl = from(t)
a < bal(pl)
- p2 = to(t) t € abortepv F
. = F t € recover
t € idle . .
t € pending t € pending

Figure 9: First set of failed POs.

We start the invariant discovery process with the application of heuristic PH1. The set of core con-
cepts selected from the failed POs are:

idle, pending, recover, purse, epr, epv, abortepv, from, am, bal, epa, abortepa and to

Moreover, from the analysis of the predicates in the failed POs, we identify the following non-core
concepts:

epv U abortepv and epa U abortepa

These concepts are identified from hypotheses ¢ € epv U abortepv and t € epa U abortepa within PO1
and PO2, respectively. Note that # does not represent a concept in the domain, it represents an arbitrary
transaction passed as a parameter to the event associated with the failed POs. For this reason, only the
right hand sides of the membership relations are selected as interesting non-core concepts.

The process continues with the selection of the productions rules. Based on the failed POs shown in
Figure 9, the following production rules are selected for the search:

compose, disjunct, negate and numrelation
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The compose, disjunct and negate production rules are always used in the search as stated in heuristic
PH2. The numrelation production rule is selected because hypothesis a < bal(p1) within PO1 expresses
a property based on the relational operator <. After the pre-heuristics have been applied HR is run for
1000 steps, resulting in 7296 conjectures.

The selection heuristics are now applied over this set of conjectures. Heuristic SH1 suggests looking
at the prioritised concepts associated to the goals of the failed POs. From the goals of the POs shown
in Figure 9, we identified the concepts idle, pending and recover. Thus, we look for the conjectures
associated to each of these concepts. The results from the application of this heuristic are shown in Table
1. This table also shows the results of applying heuristics SH2, SH3 and SH4 over each of the selected
concepts.

Heuristic | Concept | Equivalences | Implications | Non-exists
idle 7 27 24
SH1 pending 6 27 35
recover 9 51 41
idle 0 27 24
SH2 pending 0 27 35
recover 2 51 41
idle 0 6 17
SH3 pending 0 8 26
recover 2 3 30
idle 0 2 0
SH4 pending 0 2 0
recover 1 0 0

Table 1: Results of the application of selection heuristics SH1, SH2, SH3 and SH4.

As can be observed, after applying the four initial selection heuristics we have narrowed the set
of selected conjectures to a total of five conjectures: two implications involving the concept idle, two
implications for concept pending and one equivalence about the concept recover.

The final step in the discovery process is the selection of the conjectures that produce the smaller
number of new failed POs. The two implications associated with concept idle discharge PO1 and produce
one extra failed PO. We believe that in this kind of situation it is the user who has to decide which one is
the most appropriate conjecture according to his/her knowledge about the model. Thus, we present both
conjectures as candidate invariants and leave the decision of which one to select to the user. Regarding the
two implications associated with concept pending, one of them discharges PO2 and PO3 and produces
two new failed POs, while the other one discharges PO4 but produces three new failed POs. As there are
no other conjectures that help to overcome the failures produced by PO2, PO3 and PO4, both conjectures
are suggested as candidate invariants. Finally, the equivalence conjecture associated with concept recover
discharges POS5 and it does not produce any extra failures, so this conjecture is also suggested as a
candidate invariant. The set of invariants represented by the conjectures obtained from HR in this first
iteration of our approach is shown in Figure 10(a) *.

After the new set of invariants is introduced to the model, six new failed POs are generated. We then
start the analysis again by applying our approach based on the new set of failed POs. This new iteration
results in the discovery of five new invariants. Again, when these invariants are added to the model, one

4Note that we have given the equivalent set theoretic representation of these conjectures instead of using the universally
quantified format provided by HR. This is because some experiments, for instance the development of the Mondex system
carried out in [3], have shown that the automatic provers do better with quantifier-free predicates.
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new failed PO is generated. We discovered one new invariant after a third iteration of our approach. No
further failed POs are generated when this invariant is added to the model. Figures 10(b) and Figure
10(c) shows the invariants obtained after the second and the third iteration, respectively.

epr C idle idleF C idle

(idleF U epr) C idle idleT N (epa U abortepa) = &

epv N (epa U abortepa) C pending idleT N (epv U abortepv) = @ epr NidleF = @
epa N (epv U abortepv) C pending epv N abortepv = & (o)
abortepa N abortepv = recover epa N abortepa = &

(a) (b)

Figure 10: Invariants obtained through three iterations.

The invariants shown in Figure 10 are a subset of the invariants suggested in [3] for this step of the
refinement. In total we obtained 11 invariants from the 17 used in [3]. However, it is important to note
that we have addressed all the failures produced when proving consistency between the refinement levels.
Our hypothesis, is that the extra invariants used in [3] represent new requirements of the system, which
are out of the scope of our technique since we only target invariants needed to prove the refinement steps.

5.2 Summary of results

Table 2 summarises the results of the application of our approach in each of the Event-B models used
during the development and the evaluation stages. Notice that all the experiments were performed over
models with only basic typing invariants. This means that neither gluing nor system invariants were
present in the models when using our technique. The table shows for each refinement step, the number
of failed POs that arose, as well as the number of gluing and system invariants discovered through our
approach. We also record the number of iterations involved in the invariant discovery process.

. Invariants
Event-B model Step Failed POs Automatically discovered
Glue | System | Total | Iteration

Traffic light Level 1-2 2 2 0 2 1

Vending machine (Arith) | Level 1-2 6 3 0 3 1

Development set | Vending machine (sets) | Level 1-2 6 3 0 3 1
Level 1-2 2 1 0 1 1

Cars on a bridge Level 2-3 6 0 5 5 1

I e Level34 |~ 7 ~ [0 | "5 7|75 | 1 |

5 4 0 4 1
Level 3-4 6 1 4 5 2
Evaluation set ! 0 ! 1 3
Mondex 3 0 3 3 1
Level 4-5 5 0 4 4 2
4 0 2 2 3
Level 8-9 14 10 0 10 1

Table 2: Automatically discovered invariants.

In Table 3 we compare our results with the actual invariants given in the literature for the models of
the cars on a bridge [1] and the Mondex system [3]; the other developments are not compared because
they are of our own authorship (note that the invariants of the refinement from levels four to five of the
Mondex system are not given in the literature). All automatically discovered invariants are subsets of the
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invariants given in the literature; however, it is important to highlight that the automatically discovered
invariants were sufficient to prove all the refinement steps in our experimental models.

As it can be observed from Table 3, the automatic discovery of gluing invariants through the use of
theory formation and the HR system has provided promising results. In most cases, the set of gluing
invariants discovered through our technique was almost identical to the set of gluing invariants provided
in the literature. Regarding system invariants, it can be observed that the last refinement of the cars on a
bridge system shows a big gap between the invariants given in the literature and those found automatically
with our approach. As mentioned previously, we believe that this difference can be explained by the
introduction of new requirements, resulting in the need for extra properties in the model.

Event-B model Step Given in Literature Automatically discovered
Glue | System | Total | Glue | System Total

Level 1-2 1 1 2 1 0 1
Cars on a bridge | Level 2-3 0 6 6 0 5 5
Level 3-4 0 23 23 0 5 5
Level 3-4 8 9 17 5 5 10
Mondex Level 4-5 - - - 0 9 9
Level 8-9 10 0 10 10 0 10

Table 3: Comparison between hand-crafted and automatically discovered invariants.

Figure 11, shows all the invariants that were discovered through the application of our approach. The
invariants for refinement three of the Mondex system are omitted since they are shown in §5.1.

available = productStatus~![{ AVAILABLE} ] stock = stockMilk + stockPlain

limited = productStatus ™! [{LIMITED}] sold = soldMilk + soldPlain
soldOut = productStatus ! [{SOLDOUT}] givenCoin = EMPTY_COIN < coin = NO_COIN
(a) Vending machine (sets) invariants (b) Vending machine (arith) invariants
n=a+b+c idleFP = statusF~ ! [{IDLEF}]
ml_tl = green = c=0 epr NreqM C epv U abortepv eprP = statusF [ (EPR}]
il.tl=green=a=0 epv N valM C epa U abortepa —1
epaP = statusF~ " [{EPA}]

ml_tl =red = ml_pass = 1 endT = endF U ackM 1
. . . aborteprP = statusF~ ' [{ABORTEPR}]
il tl=red = il pass=1 reqM N idleF C epv U abortepv 1
il_tl = green = ml_tl = red valM N idleT = @ abortepaP = statule [{ABORTEPA}]
ml_out_10 = TRUE = ml_tl = green eprNvalM =g fecrllld{:ri:_statusl;%[{]?gfgg]
il_out_10 = TRUE = il_tl = green epr N abortepa = & ! eP - Stauii 1 [éPV 1
ILINSR=on=A>0 valM M idleF = & epvP = statusF[{EPV}]
IL.OUT_-SR=on=B >0 abortepa N idleF = @ abortepvP = Stamle [{ABORTEPV}]
MLIN.SR=on=C>0 (d) Mondex invariants (ref 4) endTP = statusF~ [{ENDT}]

(c) Cars on a bridge invariants (¢) Mondex invariants (ref 8)

r_light = TRUE V amber_light = TRUE < red_light = TRUE
g_light = TRUE <> green_light = TRUE
(f) Traffic light invariants

Figure 11: Automatically discovered invariants
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6 Related and future work

As far as we are aware, automated theory formation techniques have not been investigated within the
context of refinement style formal modelling. The closest work we know of is Daikon [9], a system
which uses templates to detect likely program invariants by analysing program execution traces. The
quality of the invariants generated by both approaches depends in part upon the quality of the input data
— ProB animation traces in our work and program test suites for Daikon. Like HR, Daikon is configurable.
However, while HR is a general purpose theory formation tool, Daikon has been designed with program
analysis in mind. It should also be stressed that Daikon is a system, whereas the work presented here is
an initial investigation into developing an invariant generation tool for refinement based formal methods.

Within automated theory formation there are a number of alternative tools to HR that could be ex-
plored. For instance, IsaCoSy [11], IsaScheme [20], the CORE system [16] and MathsAid [17]. Un-
derlying the first three of these systems is a notion of ferm synthesis, i.e. the automatic generation
of candidate conjectures based upon application of domain knowledge. IsaCoSy and IsaScheme sup-
port the discovery of theorems within the context of mathematical induction, while MathsAid provides
broader support for the development of mathematical theories. The CORE system has a strong software
verification focus, supporting the automatic generation of frame and loop invariants for use in reasoning
about pointer programs. What distinguishes these approaches from HR is that they do not rely upon an-
imation/execution traces, instead they follow a generate-and-test approach, where the “test” component
involves theorem proving. Coupled with its configurability, the trace analysis capability led us to use HR
for our investigations.

As noted above, animation is key to our approach, where the quality of the invariants produced
by HR strongly depends on the quality of the animation traces. The ProB animator provided good
animation traces for most of our experiments; however, we found two areas where further improvements
are required:

1. We believe that increasing the randomness in the production of the traces would improve our
results.

2. ProB preferences only allows for the creation of sets with a few elements, as well as very limited
integer ranges. This restricted some of the traces we were able to generate, and thus impacted
negatively on the invariants that could be discovered. Specifically, this limitation arose during our
analysis of the Mondex case study.

The process of finding a “correct” refinement will typically involve exploring many “incorrect” re-
finements. While the work reported here focuses on supporting the verification of correct refinements,
we are currently investigating how counter-examples generated by ProB could be combined with HR in
order to provide useful feedback to a developer when faced with an incorrect refinement.

Longer-term, we are looking to use theory formation within our REMO [10] formal modelling plan-
ning system. That is, when faced with a refinement failure, we aim to use theory formation, automatically
tailored by refinement plans [15], to suggest modelling alternatives. Of course, such “modelling alterna-
tives” are only suggestions, ultimately users must select which is most appropriate to their needs.

Currently, the animation traces obtained from the ProB animator are automatically converted into
HR’s input, i.e. a domain file with the list of examples for each of the concepts (variables, constants and
sets) is created. However, the automation of the heuristics is still under development. Automating the
configuration heuristics involves the prioritisation of concepts in the domain file and the creation of a
macro file. The macro file records the search strategy that will be applied by HR (usually supplied by
the user). Here is where the production rules selected by our proof failure analysis are specified. The
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automation of the selection heuristics requires integration with a theorem prover and the Rodin toolset.
HR uses the Otter theorem prover [18] to prove the conjectures. We will exploit the use of the Otter
theorem prover in HR for the selection of the most general conjectures (heuristic SH3), while the Rodin
toolset will be used to obtain the status of the POs after the candidate invariants have been introduced into
the model (heuristics SH4 and SHS). As future work, we aim to automate this process and, as mentioned
before, integrate it with our REMO tool.

7 Conclusions

We have described an investigation into how the HR theory formation tool can be used to automatically
discover the kinds of invariants that developers typically have to supply in order to verify Event-B refine-
ments. The key contribution of our work is the development of a set of heuristics. Using proof-failure
analysis to prune the wealth of conjectures HR discovers, these heuristics have proven highly effective
at identifying missing invariants. While more experimentation is required, we believe that our heuristics
provide a firm foundation upon which to further explore techniques that support formal refinement —
techniques that suggest design alternatives, whilst removing the burden of proof failure analysis from
developers.

Acknowledgements: Our thanks go to Alan Bundy, Gudmund Grov and Julian Gutierrez for their
feedback and encouragement with this work. Also, we want to thank Jens Bendisposto and the ProB
development team for their assistance, and Simon Colton and John Charnley for their help in using the
HR system.
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We propose a mechanism for the vertical refinement of bigraphical reactive systems, based upon a
mechanism for limiting observations and utilising the underlying categorical structure of bigraphs.
We present a motivating example to demonstrate that the proposed notion of refinement is sensible
with respect to the theory of bigraphical reactive systems; and we propose a sufficient condition for
guaranteeing the existence of a safety-preserving vertical refinement. We postulate the existence of
a complimentary notion of horizontal refinement for bigraphical agents, and finally we discuss the
connection of this work to the general refinement of Reeves and Streader.

1 Introduction

Refinement is the process of gradually developing a specification towards a suitable implementation,
through a series of steps in which more concrete entities are shown to be as acceptable as the more
abstract entities preceding it in the chain of refinement steps, based upon what may be observed of
these entities. The utility of this method has been demonstrated through many years of application in
academic and industrial settings. In this paper we attempt to bring these well-studied benefits to a new
class of systems — namely, bigraphical reactive systems. We focus primarily on vertical refinement [3],
where the aim is to relate models constructed with respect to different semantics.

A bigraphical reactive system [21, 19] (BRS) is a model construction paradigm proposed by Milner
and colleagues that aims to enable modelling of interactive systems within a cohesive theoretical frame-
work. While the primary long-term focus of bigraphs is on models of ubiquitous and context-aware
systems [1], they have demonstrated value in other areas such as biological applications [15, 5, 6] and
business processes [12, 25]. Bigraphical reactive systems also capture the syntactic and semantic struc-
ture of many formalisms associated with process modelling, providing a unifying meta-calculus within
which to relate many of these well-developed theories. Already encodings into various bigraphical re-
active systems have been demonstrated for amongst others the A-calculus [20], CCS [19], the Mobile
Ambients calculus [14], several variants of the 7-calculus [14, 4, 8], Fusion Calculus [10] and Petri Nets
[16].

Bigraphical reactive systems consist of two graphs (hence the name bigraph) modelling the orthog-
onal notions of locality and connectivity which together capture the static structure of a system, and a
set of reaction rules that may selectively rewrite portions of the bigraph in order to capture the dynamic
behaviour of that system. We will introduce bigraphs and bigraphical reactive systems (assuming no
prior knowledge) in Section 2.

*This work funded in part by the Danish Research Agency (grant no.: 2106-080046) and the IT University of Copenhagen
(the Jingling Genies project). The first author would like to thank Prof. Steve Reeves and Dr. David Streader for hosting him
as a visiting researcher at the University of Waikato during the early stages of this work, and for helpful discussions during this
time.
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(a) Place Graph (b) Link Graph

Figure 1: The constituent place (1a) and link (1b) graphs that form a particular bigraph.

The usual notion of “observation” in a BRS is derived from the above notion of dynamic behaviour: a
BRS gives rise to an LTS, the labels of which are simply the least context enabling reaction. The present
effort towards refinement takes this connection between static structure and dynamic behaviour to heart,
and attempts to short-circuit the LTS in favour of a more directly structural mechanism of refinement.
This makes sense uniquely for bigraphs exactly because of the close correspondence between structure
and dynamics. The primary contribution of this paper is to introduce such a mechanism as a small step
towards bringing the well-established benefits of refinement to models constructed within the bigraph
formalism. Additionally, we give a sufficient condition for an abstraction functor (Section 4) to give rise
to a safe refinement, and show that this notion of refinement corresponds with (and indeed, in part is an
instance of) the general refinement of Reeves and Streader [23, 24].

1.1 Structure of the paper

The remainder of this paper is structured as follows: We review bigraphs (assuming no prior knowledge)
in Section 2. In Section 3 we introduce a running example that will be used to illustrate all of the concepts
presented. In Section 4 we present our definition of vertical refinement for bigraphical reactive systems
and show that the proposed refinement preserves safety properties with respect to the abstraction functor
upon which it is parametrised. Additionally, we present a sufficient condition for an abstraction functor
to give rise to a safe refinement. Finally, in Section 5 we discuss a candidate horizontal refinement
mechanism for bigraphical agents, derived from the general refinement of Reeves and Streader [23, 24],
and discuss the connection of this work to general refinement.

2 Bigraphical Reactive Systems

Bigraphical reactive systems is a graphical formalism emphasising the orthogonal notions of locality
and connectivity. A BRS is a category of bigraphs and a set of reaction rules that may be applied to
rewrite these bigraphs. We provide here a short, informal introduction to the anatomy of a BRS without
assuming any prior knowledge. For a complete treatment of bigraphs and BRSs, readers are referred to
[21, 19].
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Figure 2: The bigraph resulting from the combination of the place and link graphs in Fig. 1a and Fig.
1b. This bigraph is an agent of the BRS,,.ify example BRS with signature £ = {Z,U,F,N} that we will
introduce in Section 3.

2.1 Static Structure

The most basic construction within the static fragment of bigraphical reactive systems is the node. This
follows from normal definition of a node within graph theory. To nodes we assign controls, which are
drawn from a signature X, the set of controls. We sometimes use a convenient shorthand such that we
may refer to a node as being an “X node”, by which we really mean a node that has been assigned the
control X. Nodes may be nested to arbitrary depth to form a tree that is known as the place graph (Fig.
la). We represent this nesting by containment, as shown in Fig. 2. We distinguish between controls
of two kinds: active and passive ones; we shall see later how active controls admit dynamic behaviour
beneath them whereas passive controls do not. Every tree of nodes is contained by a region (the dotted
border in Fig. 2). Bigraphs permit multiple regions (a place forest).

To controls (and therefore nodes) we assign a fixed arity, which defines the number of ports that a
given node possesses. A port is a connection point on a node; it must always be connected to other such
connection points by the link graph. The link graph (Fig. 1b) is an undirected hypergraph over the ports
of the nodes of the place graph. A single (hyper) edge may connect arbitrarily many ports on different
nodes.

Within the place graph, in addition to regions and nodes, there may also exist soles (known as sites
in some bigraphs literature), which are expressed visually as shaded grey nodes (as in Fig. 3a). A hole is
a location into which a region of another bigraph may be inserted by composition. It may be helpful to
think of bigraphs with holes as “contexts” and those without as “processes” or “terms”.

Present also within Fig. 3 are names that represent (named) points at which edges of the link graph
may be fused to form a single (hyper) edge. In the intuition of contexts and terms, names of bigraphs
roughly correspond to unstructured names, as in the w-calculus. By convention, outer names are drawn
upwards, and inner names are drawn downwards. Outer names are analogous in the link graph to regions
in the place graph, while inner names are analogous to holes. Through composition of link graphs, sets
of inner and outer names that agree are matched and joined.

Definition 1 (Interface). An interface is a pair (j,X) where 0 < j, indicating the number of holes or
regions, and X is a set of (inner or outer) names.

Definition 2 (Bigraph). A bigraph is a 5-tuple:

(V,E,ctrl, prat,link) : (k,X) — (m,Y)
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X y

@A:(2,{x,y}) = (1,0) (b) B: {0,0) — (2,{x,y}) (c)AoB:{0,0) — (1,0)

Figure 3: The composition of two bigraphs A and B with their respective interfaces

Here V is the set of nodes, E is the set of hyperedges, ctrl is the control map that assigns controls (and
therefore arities) to nodes, prnt is the parent map that defines the tree structure in the place graph and
link is a link map that defines the link structure. The inner interface (k,X) indicates that the bigraph has
k holes, and a set of inner names X. The outer interface (m,Y) indicates that the bigraph has m regions
and a set of outer names'Y .

Definition 3 (Composition). Bigraphs are composed separately in the place and the link graphs. The
interfaces of the bigraphs must be compatible in order for composition to be defined, i.e., the sets of
names and the number of regions/holes must be the same. Fig. 3 illustrates the composition Ao B of
bigraphs A and B. In the place graph, we insert contents of the left-most region of B into hole 0 of A, and
the contents of the right-most region of B into hole 1 of A. Regions are numbered left-to-right: we insert
the contents of region 0 into hole 0 etc. In the link graph, links are spliced together where there is name
agreement between the inner and outer names of the bigraphs being composed. We may refer to A in this
case as being a context into which B is inserted.

Definition 4 (Tensor Product). There exists an additional way in which to combine bigraphs, namely
the tensor product A ® B, where A and B are bigraphs. Where A and B do not share any inner or outer
names, this just involves juxtaposing their place graphs, taking the union of their names, and increasing
the indices of holes in B to make them unique with respect to A. This definition obscures some technical
details. It is recommended that readers interested in following the proofs in Section 4.1 refer to [21] for
a precise definition.

2.2 Notation

We introduce a rudimentary term language for representing bigraphs that should be familiar to most
readers accustomed to the notation for process algebras. The present language is not complete, i.e.,
it cannot express every bigraph, but it can express the ones we will use in examples. It is a subset
of a complete such language [18]. We will use this term language in conjunction with the graphical
representation used in Fig. 2.

Definition 5 (Bigraph Term Language).

pu=K(ni, .. ng)-p | plp | —i| nil

Where x € X.
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ni Nar(k)
a a b
K
(@) k(15 Mgr(ic))-P (b) a.—g (¢) a.nil | b.nil

Figure 4. Example bigraph terms with their associated graphical representation

The term language requires some explanation — & (nl ..., 1) ).p is prefixing (Fig. 4a), indicating
a node assigned the control k. The arity of K is given by ar(k). The sequence ny, ..., n, () are the ports
of the node. Finally, the suffix p is the term that is nested inside this node. p | p is juxtaposition of terms
(Fig. 4c¢), placing them as siblings within the place graph. —; is a hole (Fig. 4b), indexed by some integer
0 < i. Finally, nil is the nil terminator which is simply the empty graph in the graph representation.

2.3 Dynamics

Having introduced the basic structure of bigraphs, the static portion of a BRS, we now introduce the
reactive portion of a BRS that imbues a system with dynamic behaviour. This relies on reaction rules
that define rewriting that may be applied to a bigraph. A reaction rule (R,R’,7) consists of a redex R,
a reactum R’ and an instantiation map 1, where the redex is a bigraph to be matched and the reactum
is the bigraph with which the matched portion of the bigraph should be replaced. The instantiation map
indicates how parameters matched by holes in the redex should manifest in the reactum after matching.
Where the instantiation map is unambiguous (e.g., it is the identity map), we may just write R — R’

Definition 6 (Reaction). Matching of a particular reaction rule (R,R', M) against a particular bigraph G
and rewriting it into some other bigraph G' proceeds by decomposition of the bigraph into a context C,
a match R (the redex), and a set of parameters d (for portions of the bigraph that are matched by holes
in the redex). This decomposition is then reassembled with the reactum R’ replacing the matched portion
of G, with select parts of d substituted into the holes of R, forming the resulting bigraph G'.

G=CoR.d—CoR.n(d)=GCG

We require further that the context C be active, that is, that every control above holes of C are active (see
CCS example below).

We have suppressed details of the handling of names here by using the notation “R.d”; we have also
suppressed details in the phrase “with select parts of d” and not explained the use of the map 1. We refer
the reader to [21] or [19] for details. The present paper can be read without understanding these details,
as reaction in our examples always take the form of the following special case:

a=CoRod—CoR od.

Definition 7 (Bigraphical Reactive System). We use the notation BG(X,%) to denote a bigraphical
reactive system with a signature X (the set of constituent controls), and a set of reaction rules %. More
formally, BG(X,%) is an spm category [21] in which the objects are interfaces and the arrows are
bigraphs (which we refer to as agents of BG(X, %)), equipped with a set of reaction rules Z.
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Figure 5: The process send(a).recv(b).nil | recv(a).send(b).recv(a).nil

Figure 6: The R¢cs reaction rule

As an example, we introduce a very simple calculus in the style of the Calculus of Communicating
Systems (CCS) [17], where we first give an encoding of the terms as bigraphs, and then define a reaction
rule that imbues these terms with dynamic behaviour. Interested readers are referred to [21] for a real
encoding of CCS.

Our calculus defines sequencing (¢.P), parallel composition (¢ | t), and sending and receiving on
a named channel (“x!” and “y?”, respectively, where x and y are channel names). The encoding of
these constructs into the bigraphical term language in Definition 5 is straightforward — these primitives
are already defined in terms of the bigraphical term language, except for “send” and “receive” which
we straightforwardly encode as nodes with controls send and recv, each with arity 1. Fig. 5 gives
a graphical representation of the process send(a).recv(b).nil | recv(a).send(b).recv(a).nil. According
to our encoding, sequencing is represented by prefixing, parallel composition by juxtaposition, actions
(such as send and recv) by passive controls, and channels by outer names. This is by no means the only
encoding possible, but this technique is one of the most straightforward.

Having developed the encoding of our calculus within bigraphs, we can give a reaction rule Rccs
that will (through repeated rewriting) reduce the term as far as possible based upon agreement between
parallel processes as to which action should be taken next:

Rcces o recv(x).—o | send(x).—1 — —0 | —1

This rule is presented graphically in Fig. 6. It essentially “peels off” the outer layers of the terms
where a send and a recv action are linked to the same channel name, rewriting the entire bigraph to the
juxtaposition of whatever was nested inside those send and recv controls (i.e. the parts of the bigraph
matched by the holes in the redex). As an example, the CCS reaction a!.b? | a?.c! — b? | ¢! becomes the
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bigraphical reaction

send(a).recv(b).nil | recv(a).send(c).nil — recv(b).nil | send(c).nil

3 Example

Aside from their role as a meta-calculus for the study of process modelling formalisms, bigraphical
reactive systems are intended to provide a basis upon which to construct models of the kinds of context-
aware and ubiquitous systems that are becoming increasingly popular. Consequently, we introduce an
example based on modelling a context-aware social network notification system, such that a user is
notified whenever a friend is in the same physical location.

We will give this example without using the link-graph part of bigraphs to keep it simple. We em-
phasise that the example generalises to a more interesting one in which connectivity counts — where
notification is dependent not only on physical co-location but also on whether or not users and friends
are virtually connected through their laptops and phones.

We will subsequently extend this to a system in which not all friends, but rather only particular
designated “special friends”, trigger notifications, and show that (and in what sense) the latter system is
a refinement of the former.

The example system captures the dynamics of some physical environment (consisting of discrete
zones within which we can detect the presence of a user by some mechanism that is outside the scope of
this model) in which a user’s friends move from zone to zone. When one of the user’s friends is present
in the same zone as the user, a notification is given, modelled by adding a “notification” node to the zone.

3.1 The abstract system: BRS,; ry

We first define controls Z (Zone), U (User), F (Friend), N (Notification) and S (Special friend marker).
Every control has arity 0 and every control is active; altogether we have a signature

Yy=27Z,UF,N

The bigraphs of our systems are thus arbitrary trees over these controls. We shall of course be interested
only in those where Z are inner nodes and the remaining controls are leaves.

With these particular bigraphs in mind, we give reaction rules reconfiguring a bigraph by allowing
nodes with control F — friends — to move between nested zones as follows. These rules are illustrated
graphically in Fig. 7.

M =Z.(F|—o)lZ.— — Z.—olZ.(Fl—y)

MZ:Z.(Z.(FI—0)|—1) — Z.(Z.—0|F|—1>

M3:Z.<Z.—O|F|—1> — Z(Z(F|—0)|—1)
Reaction rules are here given on the form “R — R’” rather than the more precise (R,R’,1); recall from
the above introduction to bigraphs that we use the former form whenever 1 is inconsequential (in this
case, it is the identity map).

We extend the movement rules M with an additional rule R; for notifications to be issued when a U
(user) and F (friend) node exist within the same zone. This reaction rule is illustrated in Fig. 8.

Xv=XyuU {U, N}
Ri=Z.(UIFI|—) — Z(UIFINI|—)
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Figure 7: Reaction rules M|, M, and M3 that allow friend nodes to move between zones.

Let BRS,,.:ify be the bigraphical reactive system formed by the addition of the reaction rule Ry to the
set of movement rules M:

BRSnotify = BG(ZNaMU {Rl})

3.2 The concrete system: BRS./ocrive

We now create a second bigraphical reactive system, this one refining (both intuitively and in a sense to
be made precise) the system BRS,,y;ry just introduced. In this new system, instead of simply notifying
whenever any friend is present in the same zone as the user, we wish only to issue a notification in the

6
J
0
0
)
08

Figure 8: Reaction rule R;
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Figure 9: Reaction rule R,

presence of a particular designated friend, distinguished by the presence of an S (special friend marker)
inside the friend node in question. Consequently, we define the set of controls Xg for BRSse/ecrive tO
include (in addition to the controls of Yy) the S control. The modified reaction rule R, is presented
graphically in Fig. 9.

Yo=2XyU {S}
Ro=Z.(UIF.S|—) = Z.(UIF.SIN| )
BRSelective = BG(ZSaMU {RZ})

At an intuitive level, this BRS refines the one of the previous sub-section. In the following section, we
shall define exactly in what sense this is the case.

4 Vertical BRS Refinement

We recall the distinction here between horizontal and vertical refinement. Vertical refinement is con-
cerned with moving between differing levels of abstraction, or indeed completely independent modelling
languages, whereas horizontal refinement instead aims to relate models specified at the same fundamen-
tal level of abstraction, and within the same modelling setting. When we refer to the refinement of a
BRS, we mean a vertical refinement, indeed, this is the only meaningful interpretation, as a BRS is the
category consisting of (infinitely) many actual agents of the same general shape. We will later return
(briefly) to what it would mean for an agent to be refined, that is, to a horizontal refinement between two
agents of the same BRS (each of which would be bigraphs, representing — for example — two CCS
processes).

To summarise the distinction between horizontal and vertical refinement in the setting of BRSs: In
the former case, we are talking about what we can observe of all such agents, whereas in the latter we are
referring to what we can observe of the behaviour of a single agent. In the present section, we consider
vertical refinement; we comment on horizontal refinement in the subsequent section.

4.1 Safe refinements

First, what observations can you make of bigraphical agents? While the notion of a trace is familiar
within refinement literature, within bigraphical reactive systems it is unclear exactly what might corre-
spond to an action within the usual definition of a trace. Consequently, we formulate a trace of a BRS
such that each element of the trace is a bigraphical agent (i.e., a bigraph of that BRS). Therefore the no-
tion of trace is not one of a system exhibiting behaviour in the form of some observable actions, rather,
it is the entire state of the model as it changes over time such that every element of the trace is a bigraph,
related to the next element of the trace by the application of some reaction rule. While this may seem
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very crude at first glance, it is important to remember that the dynamic behaviour of a bigraph is derived
from reaction rules and the structure in a perhaps more direct manner than in many other calculi. As
such, it makes sense to consider the abstract specification to comprise, by itself, an entire observation —
cf. the structure of agents of BRS,,.;ry above.

If an observation is a complete agent of the abstract specification, what then is an observation of an
agent of the concrete system? We leave that to the system constructor, merely insisting that the observa-
tions one makes of concrete implementation agents must somehow be a function of their structure. Thus,
observations of concrete agents are given by a structure-preserving map from concrete agents to abstract
ones. In the parlance of category theory, this is called a “functor”, a functor that we shall in this instance
call an abstraction functor.

Definition 8 (Trace, observation). For a given BRS A, a trace is a (possibly infinite) sequence of bi-
graphs (agents) (ay,az,...), such that for each a; and a;1, in the sequence there is a reaction a; —
aiv1. If s = {(s1,...,sp) and t = (t,...) are traces and s, — t|, we may form the composite trace
8§38 = (S1,...,8n,11,...). In this case we say that t is an extension of s. We write Tr(A) for the set of
all traces of a given BRS A. If F : A — A’ is a functor and {ay,ay,...) € Tr(A) is a trace of A, we apply
F pointwise to obtain a trace F(t) = (F(a;),F (az),...).

Note that Tr(x) is by definition prefix-closed; that is, for any trace ¢t € Tr(x), every prefix ¢’ of ¢ is
also in 7r(x).

Of course, not just any functor will do: to have a refinement, the dynamic behaviour of the concrete
implementation must be allowed by the dynamic behaviour the abstract specification allows on its agents,
the observations. Altogether, our notion of refinement follows from the usual trace equality, however,
because a BRS tends to permit too much observation, our bigraphical notion of refinement requires as a
side condition that there exist an abstraction functor F : C — A such that for any trace (co,c1,...), F gives
rise to a trace (F(co),F(c1),...). We present vertical refinement as the conjunction of two constituent
definitions, separating the preservation of orthogonal safety and liveness properties through refinement.

Definition 9 (Safe Vertical Refinement).

safe e
ACpC £ F(Ir(C)) C Tr(A)
This definition satisfies the “reduction of nondeterminism” role of refinement, in that it is always
valid to simply pick one alternative and implement it in C when presented with nondeterministic choice
in A.

Lemma 1. Safe Vertical Refinement is transitive and reflexive for the identity functor.

safe safe
Proof. Reflexivity is trivial. Suppose A Cp C and C C D. Then FG(Tr(D)) C F(Tr(C)) C Tr(A). O

We proceed to illustrate safe refinement using the two BRSs above, then give a sufficient condition
for an abstraction functor to yield a safe refinement.

Recall our claim that BRS;,jccrive, Which issues notifications upon co-location with “special friends”
is a refinement of BRS,.fy, which does so upon co-location with any friend. The latter employs an
additional control S. This indicates that our abstraction functor must (at the very least) ensure that all
nodes of control S must be hidden, renamed or removed so as to ensure that the codomain of F is
BRS01ify (i.€. that F' can transform any agent of BRSejecrive into a valid agent of BRS,,oify).

By this reasoning, we arrive at an abstraction functor “pattern” that is likely applicable to many other
BRSs. We call this the hiding functor. Its essential function is to simply hide, for a given signature X,
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all nodes that have been assigned controls from some particular set of controls H. This includes joining
any children of nodes that will be hidden to parents that will remain visible after the application of the
hiding functor. For our example, the hiding set H = {S} (i.e. the designated “special” friend control).

Definition 10 (Hiding Functor). We define an abstraction functor Fx i : BG(X) — BG(Z\ H) for hid-
ing, parametrised by ¥, the signature of the “implementation” BRS, and H, a set of controls to be
hidden. On objects, this functor is the identity. On arrows, its action is Fs y((V,E, prnt,ctrl,link)) e

(V' E,ctrl’, prat’ | link), where
- Vi={veVlarl(v)¢ H}
—ctrl' =ctrl | V', and

s et | prot(l) where ctrl(prnt(l)) ¢ H
— prat’(l) =
prat’ (prat(l))  otherwise

This “hiding functor” is an abstraction functor for our example system. Recalling the definition of a
bigraphical agent (and therefore of an arrow in the category BRS,,ys;y Or BRSse/ccrive) given in Definition
2, the purpose of this hiding functor is to exclude any nodes that have a control that is in the set of
hidden controls H, exclude these controls from the control map ctrl, and recursively recreate the parent
map prnt such that any children of a node with a control in H is attached to its most immediate place-
graph ancestor that is not marked with a control in H. We call the abstraction functor for our example
notification system A ¢,.nq, Which is defined as the hiding functor above, instantiated with H = {S}.

While the hiding functor has the flavour of a forgetful functor — it dispenses with structure — it
cannot reasonably be called so as it is not faithful. Many distinct configurations (e.g. special-friend
controls) will map to the same bigraph. This is a technical distinction only; we use “hiding” in no special
sense, except as a name for abstraction functors of this general shape.

It is easy to prove that with A ¢,;.,4 as abstraction functor, BRS./ec:ive 1s indeed a safe refinement of
BRS,.01iry. However, instead of proving so directly, we shall instead provide a general theorem about
abstraction functors: When they preserve reaction, and in particular, when they preserve just reaction
rules, they give rise to safe refinement.

Theorem 1. Let F : C — A be an abstraction functor. If F preserves reaction, that is, if ¢ — ¢’ implies
safe

F(c)— F(c), then A Cp C.
Proof. Immediate from Definition 9 of safe refinement. O

From this theorem it becomes apparent that an abstraction functor may be any functor at all that
obeys this property.

The terminology deceives, here: The guarantee that the concrete system has no more behaviour than
the abstract one is in fact upheld by the abstraction functor preserving behaviour.

Of course, proving that a functor preserves reaction need not at all be easy. Fortunately, we can
exploit the connection between static structure and dynamic behaviour of bigraphs: a functor which
preserves the reaction rules, structurally, will also preserve (dynamic) reaction, and will thus be a safe
refinement.

Theorem 2 (Safe Abstraction Functors). Let A = BG(X,%) and C = BG(Y,%') be BRSs. A functor

safe
F : C — Ayields a safe vertical refinement A Cg C if it satisfies the following conditions.
1. It preserves and respects tensor.

2. It preserves active contexts.
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3. It preserves reaction rules: For any reaction rule (R,R',p) € #' (a) the F-image (F(R),F(R'),p)
is a rule in Z; and (b) for any parameter d of that rule, p(F(d)) = F(p(d)).

Proof. Suppose c1,...,c, is a trace of C. It is sufficient to prove that for each i < n, there is a reaction
F(c;) = F(cit1). We know that ¢; — ¢4 1, so there is some reaction rule (R,R’,p) € %', context E of C,
and some set of names Z s.t.

ci=Eo(R®1y)od — Eo(R’®lz)oﬁ(d):C§

Where p(d) is the instantiation of parameters (see [21] for details). But then, because (F(R),F(R'),p)
is a rule of %, we compute and find a; = F(c;) = F(Eo (R®1z) od) = F(E) o (F(R)® 1p(z)) o F(d) —
F(E)o(F(R)®1pz))op(F(d)) =F(E)o(F(R)®1pz))oF (p(d)) =F(Ec(R'®1z)op(d)) = F(c;) =
d O

We remark that the three conditions of this Theorem appear to be good candidates for a definition of
a morphism of parametric reactive systems, as suggested in the forthcoming [7].

Itis straightforward to verify that for our example BRSs, BRSjccrive and BRS,,o; ry, the hiding functor
does in fact satisfy the three conditions of this Theorem. Thus we have the following corollary:

Corollary 1. BRSc/ccrive is a sound refinement of BRS iy with respect to the abstraction functor A ¢rieng,
that is,

safe

BRSnotify EA(,«-rie,,d BRSselective
The Ee relation captures safety properties of the system being refined (i.e. it does not permit a
refined model any undesirable extra behaviour, provided that the abstraction functor does not hide any
“undesirable” behaviour). However, it does not guarantee that the system does anything at all (i.e. an
empty trace is a safe refinement of any system). To guarantee that some additional liveness properties
are preserved by refinement, it is necessary to extend our definition.

4.2 Live refinements

In order to guarantee that a given concrete system actually exhibits any of the desirable behaviour of
the abstract system that it refines, we must define a notion of liveness. Whereas in a process algebraic
setting it might be possible to rely on the presence of a particular output (or all possible outputs) to define
“desired” observable behaviour, within a bigraphical setting the lack of any primitive notions of “input”
or “output” (it is up to the system designer to define what these concepts mean with respect to a particular
model) means that it is necessary to explicitly choose such “desirable” behaviours.

In the absence of an intrinsic notion of desirable behaviour, we further parametrise our notion of live-
ness, already parametric in terms of the abstraction functor F, on the admissible traces. This parametri-
sation on the notion of admissibility is akin to those used in [13, 11].

Definition 11 (Live Vertical Refinement). Let F : C — A be an abstraction functor, let C C Tr(C) be
the admissible traces for C, and let similarly A C Tr(A), the admissible traces of A. We then say that
(C,C) is a live refinement of (A, A) iff for every trace s of Tr(C), whenever F (s) has an extensiont' to an
admissible trace F(s);t' € A, then there exists an extension s' of s to an admissible trace s;s' € A with
F(s") = F(t'). In this case we write:

live

(A,A)Cr (C,C) .
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If we wish to take the admissible traces A of the abstract system A as canonical, we can define C as
those traces whose F-images are admissible.

Lemma 2. Live Vertical Refinement is transitive.

live live
Proof. Suppose (A,A) Cr (C,C) and (C,C) Cg (D,D), and suppose FG(t);u’ € A. Then ' has a pre-
image s’ with G(¢);s" € C; but then s’ has a pre-image ¢’ with 7;¢' € D. O

Let us provide a suitable set of admissible traces for our running example, BRS,,y;ry. For this BRS,
the obvious notion of admissibility (think “successful”) is when notification has occurred. So we define
the set of admissible traces as simply those finite traces in which the user has been notified, that is, in
which the final agent contains the notification control next to the user and his friend:

def

Snotified = {<a1,...,an> € Tr(BRSm,,ify) ’ aC. a :CO(U | F N)}

For BRS;ejective, We transfer the notion of admissiblity:

def

Sselective - {t S Tr(BRSnotify) ’ F(t) S Snotified}

The selective system BRS;,jccrive Under these notions of admissibility is in fact not a live refinement of
the original one BRS,.s;ry. One might think so: After all, one can extend a trace to admissibility simply
by moving the special friend next to the user. Unfortunately, there need not be a special friend, and even
if there were, the abstract system might extend to admissibility by moving a (non-special) friend next to
the user. We will now show this in detail, thus proving of the following proposition:

live

Pl‘OpOSitiOIl 1. (BRSn()tifyaSnotify) ZAfriem] (BRSselectiveaSselective)-

Proof. Consider an agent Z.(U | F) of BRSe/ecrive- Applying A frieng We find simply A fyjenq(Z.(U | F)) =
Z.(U | F), which succeeds after just one reaction

Z.(UIF) = Z.(UIFIN)

by reaction rule R;. Now, if we actually had a live refinement, we should be able to match this reaction
in BRS;cjecrive- A simple inspection of the rules however prove that this is not possible. ]

This is, however, not a show-stopper, rather it is a welcome demonstration of the utility of such a
vertical refinement mechanism. We could remedy this situation by introducing into BRS.jecrive an addi-
tional reaction rule that spontaneously adds the designated friend marker S to any friend F. However, this
seems to contradict the intuition of the model, so in this instance it is perhaps better to leave BRS;jecrive
unmodified and accept that there are (known) conditions under which this BRS cannot progress to a
successful state.

Having defined our two separate (live and safe) refinement relations, we can complete the definition
of safe and live vertical refinement:

Definition 12 (Safe and Live Vertical Refinement).

def

(A,A)Cr (C,C) “ AL.CA (AA) Lk (CC)
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5 Discussion & related work

Having introduced our notion of vertical BRS refinement and shown the conditions under which it is safe
and live with respect to the chosen abstraction functor, we now discuss potential approaches to horizontal
refinement and related work. As it happens, both topics take us to the general refinement of Reeves and
Streader [23, 24].

General horizontal refinement recognises three components to refinement: entities E, i.e., the spec-
ifications and implementations being refined; contexts E, which are the environment within which the
entities interact; and a user, which defines the possible observations O(—) that can be made of an entity
within a particular context. Refinement is then the relation

def

ALz C=VxeZ.0([Cly) CO([A]L),

where Z is the set of contexts, O is a map assigning observations to entities in contexts, and [—], inserts
an entity into context x.

Interestingly, our proposed notion of bigraphical vertical refinement falls under the umbrella of gen-
eral horizontal refinement. Entities would be BRSs (like BRS,, iy and BRSjecrive); contexts E would
be just the trivial context, which leaves the entity unchanged. Finally, the observation map O is in our
case simply 7r(—), the map that takes a BRS to the traces observable of it. We do not think this is a
coincidence. It seems intuitive that horizontal refinement of an entire class of agents would correspond
to vertical refinement.

What about general vertical refinement, then? The definition of vertical refinement within the general
refinement framework [24] relies upon a notion of layers, representing a level of abstraction in terms of
(EL,E1,0L), where E is a set of entities, &, is a set of contexts and Oy, is an observation function.
Vertical refinement is then defined in terms of a Galois-connection that interprets high-level entities as
low-level ones and vice versa.

The analogy of this notion with our use of an abstraction functor ' : C — A should be apparent:
If we could find that functor F to be one of an adjoint pair, we would be in an analogous situation.
Unfortunately, it remains unclear if such an adjunction would retain the intuition behind the Galois-
connection of general vertical refinement: morphisms (i.e., bigraphs) do not measure approximation;
they represent the agents under investigation. In particular, the hiding functors used for the example in
the present paper do not appear to be part of adjoint pairs.

Leaving vertical refinement behind, what is then a good notion of horizontal refinement for bigraphs?
Returning to general horizontal refinement, bigraphs actually do come with a notion of entity, context,
and observation, namely agents (roughly, bigraphs with no holes/inner names), bigraph contexts (bi-
graphs with holes/inner names), and an LTS (given a BRS). We have in the present paper by-passed the
LTS as the notion of observation, following the bigraphical connection by structure and dynamics to its
extreme conclusion, using the structure of the abstract specification as the observations.

For horizontal refinement, this approach appears not sensible: We would after all be relating agents
of the same BRS. Important examples (like CCS-process refinement) cannot be expressed within this
particular approach, which should guide the development of other horizontal refinement strategies for
bigraphical agents. One obvious choice seems now to be the LTS intrinsic to BRSs. We have yet to
pursue this option; we caution that while BRS LTSs have been successful in recovering semantics of
various process algebras and other models of concurrency, it has been less successful in providing useful
semantics for pervasive systems, one of our key interests.

However, even leaving the question of suitable observations open, we would likely find a notion
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inside general horizontal refinement by taking
aCopcZEVxe E.O(xoc) CO(xoa),

where a and ¢ are agents of some BRS B; E is the set of contexts of that BRS, and O is some notion
of the semantics of agents of B, perhaps traces of the LTS of B, or perhaps some other notion. Indeed,
early indications are that this approach would be promising in recovering (for example) CCS process
refinement, contingent upon an appropriate notion of observation.

5.1 Related Work

Restricting the set of controls admissible under a certain control, or requiring a control to be present
is well-studied in bigraphs (e.g., [2, 21, 19, 22]). However, that study has invariably focused on en-
suring that the bigraphical LTS theory is retained under such additional constraints, and are thus only
superficially related to the present paper.

Goldsmith & Creese [9] explore an approach to refinement within bigraphs (and particularly within
Spygraphs, a specialisation of bigraphs). They observe the ease with which one may derive an LTS for
a BRS that is labeled exclusively by the trivial context id (equivalent to a T action in a process algebraic
setting). These kinds of contextual labels are not helpful for analysis, as they capture no behaviour. Sim-
ilarly, the LTS semantics of bigraphs share the same intentionality inherent in the graphical presentation.
While Goldsmith & Creese suggest (to good effect in a CSP setting) that it may be appropriate to perform
hiding at a process-level before considering a transition into bigraphs, this would seem inappropriate for
many modelling situations (e.g., those which have no convenient term or process representation). While
the transformation on bigraphical reactive systems proposed by that work may give rise to a refinement
that is appropriate for some situations, we aim instead in this present work to work directly within the
structure of bigraphs so as to ensure generality. As bigraphs attempt to be both a modelling formalism
and a general meta-calculus for existing process calculi, it seems appropropriate that the notion of refine-
ment we introduce should be similarly general, in the hope that we may recover calculus-specific notions
of refinement within this general setting.

6 Conclusion

We have presented a vertical refinement mechanism for bigraphical reactive systems that adds refine-
ment to the toolbox of model builders working within a bigraphical setting. The addition of a sufficient
condition for safe abstraction functors, and the accompanying observation that it is the preservation of
behaviour with respect to reaction that guarantees that a refinement exhibits no undesirable behaviour,
provides a firm foundation from which to explore the limits and utility of this kind of vertical refinement.

We have pointed out a clear connection to the existing work on generalising refinement across many
modelling formalisms, and therefore it seems appropriate (given the application of BRSs as a meta-
calculus) that our notion of vertical refinement is also in some sense general. We leave for future work
the exploration of further mechanisms for horizontal refinement within a bigraphical setting, noting that
such a notion would very likely fall within the model of general refinement, and thus likely generalise
well to other modelling formalisms encoded within bigraphical reactive systems.
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John Derrick, Siobhan North and Anthony J.H. Simons
Department of Computing, University of Sheffield, Sheffiedd 4DP, UK.

J.Derrick@dcs.shef.ac.uk

In previous work we have described how refinements can bekelagsing a temporal logic based
model-checker, and how we have built a model-checker for grbyiding a translation of Z into the
SAL input language. In this paper we draw these two strandgook together and discuss how we
have implemented refinement checking in our Z2SAL toolset.

The net effect of this work is that the SAL toolset can be usechieck refinements between Z
specifications supplied as input files written in thBXmark-up. Two examples are used to illustrate
the approach and compare it with a manual translation anteregnt check.

Keywords: Z, refinement, model-checking, SAL.

1 Introduction

In this paper we discuss the development of tool supportefinement checking in Z. In doing so we
draw on two strands of work - one on providing a translatiorZ afto the input language of the SAL
tool-suite, and the other on using model checking to vegfinements in state-based languages.

The SAL [18] tool-suite is used in both strands, and is desigio support the analysis and veri-
fication of systems specified as state-transition systetssairh is to allow different verification tools
to be combined, all working on an input language designed fasnaat into which programming and
specification languages can be translated. The input lgregoevides a range of features to support this
aim, such as guarded commands, modules, definitions ettgam in fact, be used as a specification
language in its own right. The tool-suite currently comgsia simulator and four model checkers [4]
including those for LTL and CTL.

Our work on the first strand has resulted in a translation wddth converts Z specifications to a
SAL module, which groups together a number of definitionsuidiog types, constants and modules for
describing a state transition system. The declarationsstat® schema in Z are translated into local
variables in a SAL module, and any state predicates becopre@jate invariants over the module and
its transitions.

A SAL specification defines its behaviour by specifying tiaogs, thus it is natural to translate each
Z operation into one branch of a guarded choice in the tiansitof the SAL module. The predicate
in the operation schema becomes a guard of the particulacech@he guard is followed by a list of
assignments, one for each output and primed declaratidreiogeration schema. This methodology has
been implemented in a tool-set, as described in [9, 8].

Our work on the second strand has derived a methodology fdyiveg a refinement using a model-
checker by combining two specifications in a special way arying particular CTL properties for this
combination. Specifically, [21, 22, 10] described how rafieats in Z and other state-based languages
could be verified by encoding downward and upward simulatias CTL theorems - the simulation
conditions being the standard way to verify refinementsatesbased languages such as Z, B etc.

The contribution we describe in this paper is to implemeis tirethodology in our Z to SAL trans-
lation toolkit. This extension to the tool enables two Z sfieations to be input inATlpXformat, and for

J. Derrick , E.A. Boiten, S. Reeves (Eds.):
Refinement Workshop 2011.
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a refinement check to be performed. Internally this is adddvy translating each specification from
IATEXto a single SAL specification upon which appropriate CTLofeens can be verified using the SAL
CTL witness model-checker sal-wmc.

The purpose of this paper is to describe how this is donegugin examples as way of illustration.
The structure of the paper is thus as follows. In Section 2 %@ction 3 we provide background on
refinement and the Z to SAL translation respectively. HowcHmations can be combined to enable
a model checker to verify a refinement is described in Secatioand this section also describes our
implementation of this methodology. To illustrate the mes we present a slightly more complicated
example in Section 5 and we conclude in Section 6.

2 Refinement

Data refinement [5, 6] is a formal notion of development, Hem®und the idea that a concrete specifi-
cation can be substituted for an abstract one as long aghigsvimeir is consistent with that defined in the
abstract specification.

Each language, method or notation has its own variants. lreffhement is defined so that the
observable behaviour of a specification is preserved. Téfiadiour is in terms of the operations that are
performed, and their input and output values. Values of tdie variables are regarded as being internal,
and thus refinement can be used to change the representhtioa siate of a system. Hence the term
data refinement

In a state-based setting such as provided by Z, data refirterasm verified by defining a relation
(called aretrieve relatior) between the two specifications and verifying a sesiofulation conditions
The retrieve relation shows how a state in one specificaioagresented in the other. For refinement to
be complete, a relation, rather than simply a function, gsired [6].

In general, there are two forms the simulation conditioke tdepending on the interpretation given
to an operation, specifically that given to the operationiarg or precondition [6]. The two interpreta-
tions are often called thalockingandnon-blockingsemantics. We consider the latter, i.e., the standard,
approach in this paper.

For any interpretation, there are two simulation rules &imement which are together complete,
i.e., all possible refinements can be proved with a comlainadf the rules. The first rule, referred to as
downward(or forward) simulation[6, 5], requires that

initialisation the initial states of the concrete specification are reltdeabstract initial states

applicability the concrete operations are enabled (at minimum) in stalated to abstract states where
the corresponding abstract operations are enabled, and

correctness the effect of each concrete operation is consistent witmehjgirements of the correspond-
ing abstract operation.

We do not consider the alternative kind of simulation knowraaupwardsimulation in this paper,
although there is nothing to stop the the appropriate metloggt being implemented in our tool suite.

Definition 1 A Z specification with state schema CState, initial stateeiseh Clnit and operations
COp,...COp, is a downward simulation of a Z specification with state schekState, initial state
schema Alnit and operations AQp. AOp,, if there is a retrieve relation R such that the following dhol
foralli: 1..n.
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1. YCStates CInit = (3AStates Alnit A R)
2. Y AState CStates RA pre AOp = pre COp
3. VAState CState CStatée RA pre AOp A COp = (FAStatée R AAORD)

The use of a retrieve relation allows the state spaces oftibieagt and concrete specifications to
be different - the retrieve relation documents their relaghip. The first condition ensures appropriate
initial states are related, and the second that the conopetations are defined whenever abstract ones
are (modulo the retrieve relation). The third conditionsiers that the concrete operations have an effect
that is consistent with the abstract, whilst also allowing+determinism to be reduced.

As an example refinement, consider the following simple ifigation. It defines two operations that
add and remove an input from a seif some given typd'.

[T] | max: N
A=[s:PT|#s< may Alnit = [A' | §' = 2]
_AEnter _ALeave
AA AA
p?:T p?:T
#s < max p?es
p?¢s s =s\{p?}
s =su{p?}

A simple data refinement replaces thesky an injective sequendeas follows (assuming the same
T andmax):

C=[l:iseq T|# < may Clnit=[C" |1 = ()]
_CEnter. _ClLeave
AC AC
p?:T p?:T
#l < max p? < ranl
p? ¢ ranl "=171(T\{p?})
=17 (p?)

It is easy to see that the second specification is a downwardlaion of the first, using as retrieve
relation the following:

R==[A C|s=ranl]

Our task is to build a tool that can automatically check thisllof refinement.
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3 Z2SAL

The original idea of translating Z into SAL specificationsswue to Smith and Wildman [20], however,
our implementation has increasingly diverged from theinabidea as optimization issues have been
tackled. In [9, 8] we have described the basics of our implaaten, which provides a bespoke parser
and generator, written in Java, to translate from #figid_encoding of Z into the SAL input language.

A Z specification written in the state-plus-operations estigl translated into a SAL finite state au-
tomaton, following a template-driven strategy with a numbkassociated heuristics. The Z-style of
specification is preserved in this strategy, including pastiitions that mix primed and unprimed vari-
ables arbitrarily, possibly asserting posterior statesdn-constructive ways. We also preserve the Z
mathematical toolkit's approach to the modelling of rela$, functions and sequences as sets of tuples,
permitting interchangeable views of functions, sequeacekrelations as sets.

A specification in the SAL input language consists of a cdilbecof separate input files, known
ascontexts in which all the declarations are placed. At least apatextmust contain the definition
of a module an automaton to be simulated or checked. In our translaiiegy, we use a master
contextfor the main Z specification and refer to othmmtextfiles, which define the behaviour of data
types from the mathematical toolkit. The mastentextconsists of a prelude, declaring types and
constants, followed by the main declaration of a SfAbdule defining the finite state automata, which
implements the behaviour of the Z state and operation scheifige states of the SAL translation are
created by aggregating the variables from the Z state sghemaathe transitions are created by turning
the operation schemas inguarded commanggriggered by preconditions on input and local (state)
variables, and asserting postconditions on local and owgriables.

The implementation of this basic strategy is presented jnH8re we recap on its salient points
on two examples. Consider the first specification above. Ugporslation the specification becomes a
context, here called.

Thebuilt-in types of Z are translated into finite subranges in SAL, adgogrtb a scheme described
in [8]. For exampleN is translated to:

NAT : TYPE = [0..4];

The basic typesof Z are converted into finite, enumerated sets in SAL, ctingiof three sym-
bolic ground elements by default (but sometimes with anagbattomelement to deal with partiality of
functions etc.). For example, the given typés translated to:

T : TYPE = {T__1, T__2, T__3};

Where the Z specification expresses predicates involviagéndinality of sets, the translator gen-
erates a bespoke counting-context for sets containing tipetonaximum number of symbolic ground
elements generated for the set, as described in [8]. Foexiaisple, acount3 context is generated; the
instantiation for counting up to three elements of t{fie named:

T__counter : CONTEXT = count3 {T; T__1, T__2, T__3};

The bounding constamhaxis an uninterpreted constant in Z, which we translate in Sala#ocal
variable, which can in principle take any value in th&T type’s range. This leads to some simulation
states where the limits of the system’s behaviour are reaghiekly (e.g. ifmax= 0), but other states in
which all three elements may be added to thesset

State and initialisation schemas.The state variables from the Z state schema are translated in
thelocal variables of the SAlmodule which together constitute the aggregate states of thereitm.
The state predicate is treated as follows: we define a camnelspgDEFINITION clause to represent the
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schema invariant. This is achieved by introducing an dgiral boolean variable, callethvariant__,
and declaring a formula for this in thlefinitionsub-clause.

The Z initialization schema is translated in a hon-consivacstyle into a guarded command in the
INITIALIZATION clause of the SAL module, with the invariant as part of therdu@hus, for the above
example, we get the following translation.

State : MODULE =

BEGIN

LOCAL max : NAT

LOCAL s : set {T;} ! Set

INPUT p? : T
LOCAL invariant__ : BOOLEAN
DEFINITION
invariant__ = (T__counter ! size?(s) <= max)

INITIALIZATION [
s = set {T;} ! empty AND
invariant__
-—>

The challenge of the translation strategy is to deal efftbiemith the large vocabulary of mathemati-
cal data types such as sets, products, relations, fungcBegsences and bags. The translation tool has to
represent these efficiently in SAL, whilst preserving thpressiveness and flexibility of the Z language.

The basic approach is to define one or more context files fdn data type in the toolkit. For
example, the set mathematical data type in Z is translatedairs AL context, which models the set as
a boolean-valued membership predicate on elements (fioiipBryant’s optimal encoding of sets for
translation into BDDs, [2, 3]). All other set operations besed on this encoding:

set {T : TYPE; } : CONTEXT = BEGIN
Set : TYPE = [T -> BOOLEAN];
empty : Set = LAMBDA (elem : T) : FALSE;

contains? (set : Set, elem : T) : BOOLEAN =
set(elem);

union(setA : Set, setB : Set) : Set =
LAMBDA (elem : T) : setA(elem) OR setB(elem);

END

Similar contexts are defined for the function, relation anduence data types. Whereas Z sets
and relations are modelled as boolean maps, Z functionseeeaces are modelled using SAL’s total
functions. We adopt a totalising strategy, introducingtdmot elements for types that participate in the
domain or range of functions, or range of sequences.

Translating the Z operation schemas.Each operation schema in Z contributes in two ways to the
SAL translation. Firstly, an operation schema may optigragclare input, or output variables (or both),
which are extracted and declared in the prelude ofribduleclause, as SAlinput andoutputvariables.

Secondly, the predicate of each operation schema is cexvieritio aguarded commanth thetransition
sub-clause, the last sub-clause intheduleclause.
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The input and output variables are understood to exist inote scope of each operation schema,
which has consequences in the translation. The SAL tramslatventually substitutes the suffix™ _’
for * " in the output variables, since the latter is reserved.

The computation performed by each operation schema is ssquteas guarded commaneh the
transition sub-clause. The name of the schema is used for the trankiti@h which aids readability.
Theguarded commantias the general syntactic forrhabel : guard --> assignments.

The guards for each transition include the primedrariant__’> as one of the conjuncts, which
asserts the state predicate in the posterior state of exgryition. This, combined with the assertion of
the unprimedinvariant__ in the initial state, ensures that the state predicate holdersally.

Finally, a catch-alELSE branch is added to the guarded commands, to ensure thaatiséion rela-
tion is total (for soundness of the model checking). In peacthis allows model-checking to complete,
even if the simulation blocks at a given point. Admitting BIeSE-transition allows simulations to pass
through states in which thenvariant__° fails to hold. Normally, this does not matter, since we can
also ensure thatOCAL state variables are not modified, whenever®BhgE-transition is taken.

However, a new soundness problem emerged when admiittitigmvalues, as part of a totalising
strategy for partial types. Our previous practice was tershatINPUT variables never tookottom
values, as part of the invariant. However, a loophole wasodired that allowed the system to pass
through states in which the invariant did not hold (due testihg bottom values for inputs) and then
recover in the following cycle, in which the invariant heldag more, but undefined values had been
accepted as inputs from the previous cycle. Ideally, we dibale liked to rule out invalid inputs in the
ELSE-transition, but the SAL tools do not permit this.

Instead, we now assert both the primiedrariant__’ and unprimedinvariant__ in the guard to
each transition, so closing the loophole. In practice, &timns can still pass through states where the
invariant fails to hold, but they are then forced to passughELSE-transitions repeatedly, until some
valid input is selected. The new translation is once agaimg@pbut simulations may have more latent
cycles. Thus for the transition component of our example awelihe following:

TRANSITION [
AEnter :
T__counter ! size?(s) < max AND
NOT set {T;} ! contains?(s, p?) AND
s’ = set {T;} ! insert(s, p?) AND
invariant__ AND
invariant__’
-—>
s’ IN {x : set {T;} ! Set | TRUE}

[

ALeave :
set {T;} ! contains?(s, p?) AND
s’ = set {T;} ! remove(s, p?) AND
invariant__ AND
invariant__’

-—>

s> IN {x : set {T;} ! Set | TRUE}

(]

ELSE --> s’ =8
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A similar translation is produced fdZ, this time producing a SAL input file using contexts defined
to model Z sequences; see Appendix A.

4 Model-checking a refinement

A series of approaches to model-checking a refinement isiledan [21, 22, 10] by Smith and Derrick
with varying degrees of sophistication. They all work byitaktwo specificationsA andC say, and
building a combined systeril which encodes the behaviour of both in such a way that it isiptes
to write CTL properties to check the various aspects thahaesled for simulation conditions to hold.
There are variations to this approach as follows.

1. Three different combinations are formédi,t, Mapp, Mcorr, One for each of the three downward
simulation conditions (and a similar methodology for upgdvaimulations);

2. One combination is formed), encoding all three properties to be checked in one system.

These two approaches need the candidate retrieve relatioa passed to the tool, thus a final ap-
proach is

¢ Additionally have the model-checker search to find if suchtdeve relation exists.

For efficiency reasons (and here to aid readability) we desaur implementation of the first ap-
proach, again restricting ourselves for brevity to dowrdwsimulations. Thus in the approach we de-
scribe, which is an abbreviated discussion of [22], hereglsystems are formed and if all three checks
are satisfied then the concrete system is indeed a downwardagion of the abstract system with the
chosen retrieve relation.

To illustrate the approach, we use the example specifiedealnmting that although for readability
we describe it as a combination of Z schemas, in our impleatient the combination acts at the level
of combining SAL modules. We will combine the two specifioas into one system so that we can
encode the simulation conditions on the combined systeus, tthe combined specification includes all
the abstract and concrete variables. The methodology &ssthm state variables of the abstract and
concrete systems are disjoint (as in fact they are in our pieggrbut if not, then renaming is applied first
to achieve it.

Initialisation. The simulation condition on initial states requires thatdach concrete initial state,
we are able to find an abstract initial state related by thréewet relationR. To encode this condition we
initialise Mjni; so that the concrete part of the state is initialised. Hencaur example, the combined
system’s state and initialisation are as follows:

—Minit —Initjnit
s:PT Minit
| iseq T 7|,_<>
#s < max
#l < max

To check whether an abstract initial state exists that &tedlto any particuar concrete initial state,
we use just one operation (normally calllmitA;,;;) which changes the abstract part of the state to an
initial value and leaves the concrete part unchanged. Iexample this operation is then:
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[AMinit ‘ SI:®/\|/:|]

For any non-trivial specificatiomitAj,;; is total, thus we do not need the "catch-all” ELSE branch in
the SAL model-checker which is needed for non-total systasescribed above. Then, with a system
with one operation the required initialisation conditionids if the operation can be performed such that
the resulting abstract and concrete parts of the state latedédyR. That is, we require that there exists
a next state such that=ranl, i.e.:

EX (s=ranl)

Applicability. Applicability conditions in refinements check the consisieof the operations’ pre-
conditions. To encode this as a temporal formula we intrecaiwariableev to the combined state to
denote the name of the last operation that occurred, and, [28], we use a differenfont for the val-
ues of typeev. Since we will need an additional operation to ensure tgtahe combined state for an
applicability check in our example will be the following:

—Mapp
s:PT
l:iseq T
ev: {AEnter, CEnter, ALeave, CLeave, Choose}

#s < max
#l < max

The applicability condition requires that if abstract armherete states are related by the retrieve
relation, then the concrete operation must be applicableneter the abstract one was. For the sake
of efficiency we initialise to states which are already ribby the retrieve relation, that is, here of the
form?:

INitapp = [Mppp | S = ranl’]

Operations are then specified, one for each abstract oretengperation, each shadowing the be-
haviour of the original operation, and only specifying tledues of that operation (e§Enteg,, defines
values for variables that originate from the abstract $jpation). In addition, we introduce @hoose
operation.

_AEntey ~ALeavepp
p?:T p?:T
#s < max p?es
p?¢s s =s\{p?}
s =su{p?} eV = Aleave
eV = AEnter

1The value ofevcan be left underspecified.
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—CEntegpp —Cleavgpp
AMapp AMapp
p?:T p?:T
#l < max p? < ranl
p? ¢ ranl I"=11(T\{p?})
=17 (p?) eV = ClLeave
eV = CEnter

The applicability check can now be written in CTL as follows.
(EX (ev= AEnter) = EX (ev= CEnter)) A (EX (ev= ALeave) = EX (ev= ClLeave))

Correctness. A similar methodology is applied to check the correctneszdimn, and here we
use the same combined state and initialisation as used idicapility, as well as the same totalisation
Choose

Mcorr = Mapp
Choosgorr = Choosgyp

The downward simulation correctness condition requiras éiny after-state of a concrete operation
is related by the retrieve relation to an after-state of tiwtract operation. To encode this correctly one
needs to ensure that each operation in the combined stasendbalter variables from the portion of
state it is not representing. Thus we have operations ofottma: f

This allows us to perform the operatio@Op.or and AOporr iN Sequence so that the abstract part
of the final state reached is identical to that which couldehaeen reached by performing od®p.orr,
and the concrete part is identical to that which could haemleached by performing onGOp.orr. The
correctness condition is then:

EX (ev= AEnter) = AX (ev= CEnter = EX (ev= AEnter A R))
A
EX (ev= ALeave) = AX (ev= CLeave = EX (ev= Aleave A R))

Implementation in SAL. The above is described in terms of combinations of Z spetiics, al-
though, of course, it is implemented in terms of combining-$#odules in our tool-suite.

The process of combining the tw8TEX Z specifications plus retrieve relation into a single SAL
specification in order to check the downward simulation d@ons was achieved using an extension to
our Zto SAL parser. When translating a single Z specificaimo®AL our compiler first parses the Z, then
transforms it into an internal SAL representation and fintie SAL file is generated. In extending the
tool-set to combine two specifications in the manner desdrédbove the major modification was to the
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middle phase, the transformation from Z to SAL. Neverthelbg process of parsing two specifications
sequentially required some modification for a number ofdssu

For example, declarations in the abstract and concrete staemas need to be checked to ensure
that they contain distinct identifiers, but where types aodstants occur in both specifications they
have to be identical to cope with SAL's strict type checkirgeither of these problems caused much
difficulty since, e.g., there already was a mechanism torertbiat a variable name used in two different
Z operations did not lead to a conflict in the SAL translatiGrnbiere all variables had the same scope).
In our simple, single specification, translation this isiaebad by prefixing the variable name by the
name of its transition wherever an ambiguous name is detacte the same mechanism was used when
producing a single combined specification. The only modificawas that variables from axiomatic
definitions were prefixed by the specification name rather tha transition name.

Treating types declared in two different specificationshresdame was slightly more complicated
as types from the abstract specification occurring in theciata had to be identified. In our single
translation types are canonical, for reasons explainegl] md this had to be maintained in the combined
translation without the parser rejecting a concrete spatifin which contains an apparently second
declaration of a type which has been declared in the abs&tpacification. This problem also occurred
with identical constants in both specifications.

Having parsed the two specifications, the retrieve relafioead in and parsed as a single Z operation
with everything from both the abstract and concrete spetifins in scope.

The process of transforming a single Z specification into $Ahsists of fixing the finite ranges of
all the types, eliminating redundant predicates, giviriigdhvalues to all the constants and identifying
any named types that would have to be generated in SAL. lsfsaming two specifications into one
SAL specification the finite ranges were fixed to the widestiregl by either specification but apart
from that the process is essentially simple. The two setsitiéli declarations were combined and the
two lists of operation schemas in Z became a single list ofsitens in SAL. The resulting structure is
that of our internal representation of any SAL specificatod a SAL text file could be generated from
it in the standard way.

The result produced by our tool-kit of the two SAL modulestfog correctness condition is given in
Appendix B. It is then a trivial matter to check the requireddrem on it.

5 A further example

A further example, which provides a comparative analysth thie manual approach to refinement check-
ing, is given by the following (now standard) example.

The Marlowe box office allows customers to book tickets inaabe using thé3ook operation —
mpoolis the set of tickets, and if a ticket is availablagool# @) then one is allocated then and there.
When the customer arrives, operatiéarrive presents this tickefTicketis the set of all tickets, and a free
type adds a possibly null ticket, atkt models which tickets have been allocated.

[Tickei MTicket::= null | ticket((Tickeb)
Marlowe —Minit
mpool: P Ticket Marlowe
tkt: MTicket tht — null
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—MBook _MArrive
AMarlowe AMarlowe
tht — null t!: Ticket
mpool#£ & tkt # null
tkt’ £ null tkt’ = null
ticket X (tkt') € mpool t! = ticket *(tkt)
mpool = mpool\ {ticket *(tkt')} mpool = mpool

In an alternative description - the Kurbel - customers iilbk tickets in advance. However, now if
there is an available ticket then this is simply recordedheydperatiorBookprovided the customer has
not already booked. Only when the customer actually ar@eke box office, is the ticket allocated by
Arrive. kpoolis the pool of tickets anbkd denotes whether a ticket has been booked.

Booked:= yes| no [Ticket
Kurbel _Kinit
|7kpool: PTicket Kurbel
bkd: Booked bkd— o
—KBook __KArrive
AKurbel AKurbel
— I Ti
bkd— no t!: Ticket
kpool# & bkd=yes
bkd =yes kpool# @
kpool = kpool bkd = no
t! € kpool
kpool = kpool\ {t!}

The Marlowe specification is a downward simulation of theld@iand in fact Kurbel is an upward
simulation of Marlowe). The retrieve relation linking thed that one is tempted to write down is the
following:

_ R
Marlowe
Kurbel

bkd= no=-tkt = null A kpool= mpool
bkd= yes=- tkt # null A kpool= (mpoolu {ticket (tkt)})

In [22] a hand translation of these specifications into SAlswarformed, followed by a merging into
a single SAL specification - also performed by hand. A natguastion to ask therefore is to what
extent our automatic translation and combination is comdgarwith the manual process. The above
candidate retrieve relation was used in the manual proedgsh revealed a failure to pass the necessary
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refinement conditions - both specification and retrievetimianeeding adjustment before the Marlowe
was shown to be a valid downward simulation of the Kurbel.

It is interesting to note that the results of the automatagtation were broadly comparable to the
manual one, and in fact due to our optimizations show slighitiction in state space size (see table be-
low). The automatic combination essentially identicalite manual. The latter is to be expected - the
combination is essentially simple once the specificati@we libeen converted into SAL.

Step| Manual | Auto
0 1344 | 840

1 3360 | 6072
2 8544 | 6072
3 8544 | 6072
4 8544 | 6072

6 Conclusion

This work contributes on one hand to the strand of work onigiog tool support for Z, and on the other
hand to automatic refinement checking.

Recent work on providing tool support for Z includes the CZbfhmunity Z Tools) project [16],
our own work [9], as well as related work such as ProZ [19],cltadapts the ProB [15] tool for the Z
notation.

Work on automatic refinement checking includes that of Boltdo has used Alloy to verify data
refinements in Z [1]. There have also been a number of encadiagbsets of Z-based languages in the
CSP model checker FDR [11, 17, 14], which checks that refineéim&lds between two specifications by
comparing the failures/divergences semantics of the Bp&idons; and simulation-based refinement can
be encoded as a failures/divergences check [7, 13, 12].

Clearly there is much to be done in terms of further work heot,least some performance charac-
terisations of when such an approach produces feasibkesiates.

Acknowledgements: This work was done as part of collaborative work with Graemets and Luke
Wildman of the University of Queensland. Tim Miller also gawaluable advice on the current CZT
tools.
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Appendix A

Here is the SAL translation of the concrete specificatiomf®ection 2

c : CONTEXT = BEGIN
NAT : TYPE = [0..4];
T : TYPE = {T__1, T__2, T__3, T__B};
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State : MODULE =

BEGIN

LOCAL max : NAT

LOCAL 1 : sequence {T; T__B, 3} ! Sequence

INPUT p? : T
LOCAL invariant__ : BOOLEAN
DEFINITION

invariant__ = (sequence {T; T__B, 3} ! injective?(1l) AND

sequence {T; T__B, 3} ! valid?(1) AND
p? /= T__B AND
sequence {T; T__B, 3} ! size?(1l) <= max)
INITIALIZATION [
1 = sequence {T; T__B, 3} ! empty AND invariant__
-—>
]
TRANSITION [
CEnter :
sequence {T; T__B, 3} ! size?(1l) < max AND
NOT set {T;} ! contains?(sequence {T; T__B, 3} ! range(l), p?) AND
1’ = sequence {T; T__B, 3} ! append(1, p?) AND
invariant__ AND
invariant__’
-—=>
1> IN {x : sequence {T; T__B, 3} ! Sequence | TRUE}
[]
CLeave :
set {T;} ! contains?(sequence {T; T__B, 3} ! range(l), p?) AND
1’ = sequence {T; T__B, 3} ! remove(l,p?) AND
invariant__ AND
invariant__’
-—>
1’ IN {x : sequence {T; T__B, 3} ! Sequence | TRUE}
(]
ELSE —--> 1’ =1
]
END;
END

Appendix B

The result of automatically combining the two SAL modulemfrZ specifications given in Section 2:
r2corr : CONTEXT = BEGIN

NAT : TYPE = [0..5];

T : TYPE = {T__1, T__2, T__3, T__B};

EVENT__ : TYPE = {AEnter, ALeave, CEnter, CLeave, Choose__};
T__counter : CONTEXT = count4 {T; T__1, T__2, T__3, T__B};

State : MODULE =
BEGIN
LOCAL max : NAT
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LOCAL max : NAT
LOCAL s : set {T;} ! Set
INPUT p? : T
LOCAL 1 : sequence {T; T__B, 3} ! Sequence
LOCAL ev__ : EVENT__
LOCAL invariant__ : BOOLEAN
DEFINITION
invariant__ =
(T__counter ! size?(s) <= max AND
sequence {T; T__B, 3} ! injective?(1l) AND
p? /= T__B AND
sequence {T; T__B, 3} ! valid?(1) AND
sequence {T; T__B, 3} ! size?(1l) <= max)
INITIALIZATION [
(s = sequence {T; T__B, 3} ! range(1l))
-—>
]
TRANSITION [
AEnter :
T__counter ! size?(s) < max AND
NOT set {T;} ! contains?(s, p?) AND
s’ = set {T;} ! insert(s, p?) AND

ev__’ = AEnter AND
invariant__ AND
invariant__’

-—>

s’ IN {x : set {T;} ! Set | TRUE};
1> IN {x : sequence {T; T__B, 3} ! Sequence | TRUE};

ev__’ IN {x : EVENT__ | TRUE}

[]

ALeave :
set {T;} ! contains?(s, p?) AND
s’ = set {T;} ! remove(s, p?) AND
ev__’ = ALeave AND
invariant__ AND
invariant__’

-—>

s’ IN {x : set {T;} ! Set | TRUE};
1> IN {x : sequence {T; T__B, 3} ! Sequence | TRUE};
ev__’ IN {x : EVENT__ | TRUE}

[]

CEnter :

sequence {T; T__B, 3} ! size?(1l) < max AND

NOT set {T;} ! contains?(sequence {T; T__B, 3} ! range(1l), p?) AND

1’ = sequence {T; T__B, 3} ! append(l, p?) AND
ev__’ = CEnter AND
invariant__ AND
invariant__’
-—>
s’ IN {x : set {T;} ! Set | TRUE};
1> IN {x : sequence {T; T__B, 3} ! Sequence | TRUE};
ev__’ IN {x : EVENT__ | TRUE}

51
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(1
CLeave :
set {T;} ! contains?(sequence {T; T__B, 3} ! range(1l), p?) AND
1’ = sequence {T; T__B, 3} ! remove(l,p?) AND
ev__’ = CLeave AND
invariant__ AND
invariant__’
-—=>
s’ IN {x : set {T;} ! Set | TRUE};
1> IN {x : sequence {T; T__B, 3} ! Sequence | TRUE};
ev__’ IN {x : EVENT__ | TRUE}
[]
Choose__
ev__’ = Choose__ AND
invariant__ AND
invariant__’
-->

s’ IN {x : set {T;} ! Set | TRUE};
1> IN {x : sequence {T; T__B, 3} ! Sequence | TRUE};
ev__’ IN {x : EVENT__ | TRUE}

END;
END
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The paper discusses the role of interpretations, undetstemultifunctions that preserve and reflect
logical consequence, as refinement witnesses in the gegedtialg of rr-institutions. This leads to
a smooth generalization of the “refinement by interpretétapproach, recently introduced by the
authors in more specific contexts. As a second, yet relatettibotion a basis is provided to build
up a refinement calculus of structured specifications in @naisa arbitraryr-institutions.

1 Introduction

The expressiorefinement by interpretatiowas coined in [MMBO09b] to refer to an alternative approach
to refinement of equational specifications in which sigreimorphisms are replaced kygical inter-
pretationsas refinement witnesses.

Intuitively, an interpretation is a logic translation whipreserves and reflects meaning. Actually, it
is a central tool in the study of equivalent algebraic semar{seee.g, [W6j88, BP89, BP01, BR03,
Cze01]), a paradigmatic example being the interpretatidhecxclassical propositional calculumto the
equational theory of boolean algebrésf. [BPO1, Example 4.1.2]). Interestingly enough, andha t
more operational setting of formal software developmdrg, riotion of interpretation proved effective
to capture a number of transformations difficult to deal viititlassical terms. Examples include data
encapsulation and the decomposition of operations intmiatransactions [MMBO09b].

A typical refinement pattern that is not easily captured leydlassical approach concerns refinement
of a subset of operations into operations defined over maaajzed sorts. This kind of transformation
induces the loss of the functional property on the operatioomponent of signature morphisms. For
example, there is not a signature morphigrto guide a refinement where a specification with operations
g:s¥ —sandf:s — sis transformed into one with operatiogs: S — S,ew and f : § — s, since
this translation naturally induces a mapyt(S) = {S,Swew} Which violates the definition of signature
morphism.

The approach seems also promising in the context of new,gimgecomputing paradigms which
entail the need for more flexible approaches to what is takem\alid transformation of specifications,
as in, for example, [BSR04]. Later, in [MMBO09a], the wholartework was generalized from the
original equational setting to address deductive systdragbitrary dimension. This made possible, for
example, to refine sentential into equational specificateomd the latter into modal ones. Moreover, the
restriction to logics with finite consequence relations d@pped which resulted in increased flexibility
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along the software development process. The intereste@réareferred to both papers for a number of
illustrative examples.

On the other hand, the notion of an institution [GB92], pregmbby J. Goguen and R. Burstall in the
late 1970s, has proven very successful in formalizing Eigggstems and their interrelations.

This paper aims at lifting the use of logic interpretatioasmitness refinement of specifications at
an institutional level. This is made in the context mifinstitutions [FS88] which deal directly with
syntactic consequence relations rather than with sengdsttisfaction, as in the original definition of an
institution [GB92]. r-institutions are particularly useful in formalizing dexdiwve systems with varying
signatures, which are only indirectly handled by the meshafthbstract algebraic logic, as in [BP01] on
which our first generalization [MMBO09a] is based. In generainstitutions provide a more operational
framework with no loss of expressiveness as any classistution can be suitably translated.

Refinement by interpretation is proposed here at two diftdes/els: amacrolevel relating different
r-institutions, and thenicro level of specifications inside a particular, although a#byt, r-institution.
The former discusses what is an interpretation of instingiand provides the envisaged generalization of
this approach to refinement of arbitrary deductive systérhe.latter, on the other hand, corresponds to a
sort oflocal refinement witnessed by interpretations thought simply alsifeinctions relating sentences
generated by different signatures within the same ingiitut

As a second, although related, contribution, the papertksy/basis for a refinement-by-interpretation
calculus of structured specifications in an arbitrary (acrdss)r-institution(s). That both levels can be
addressed and related to each other comes to no surprisén aut@me of institution theory is precisely
to provide what [AN94] describes asffective mechanisms to manipulate theories in an analogmy
as our deductive calculi manipulate formulas

The remainder of this paper is organized as followsinstitutions and a notion of interpretation
between them are reviewed in section 2. Then, section 3 diesizes refinement by interpretation in
this context, whereas the local view is discussed in seetionhe structure of a refinement calculus is
discussed in section 5. Section 6 concludes and highligime gointers to related work.

2 T1rinstitutions and interpretations

In broad terms, an institution consists of an arbitrary gatg Sign of signatures together with two
functorsSEN and MOD that give, respectively, for each signature, a set of seeteand a category
of models. For each signature, sentences and models atedregla a satisfaction relation whose main
axiom formalizes the popular aphorigrath is invariant under change of notatigBia08]. Such a very
generic way to capture a logical system was originally nadé&d by quite pragmatic concerns: to provide
an abstract, language-independent framework for spdyifigi and reasoning about software systems,
in response to the explosion of specification logics. Séwenaient specification formalisms, notably,
CAFeOBJ [DF02], GxsL [MHSTO03] and H=Ts [MMLO7] were designed to take advantage of such a
general framework.

T-institutions, proposed by J. Fiadeiro and A. Sernadas 888, fulfill a similar role, replacing
semantical satisfaction by a syntactic consequence aelatia Tarski. Therefore, ar-institution intro-
duces, for each signature, a closure operator on the ssts#titences capturing logical consequence. As
remarked by G. Voutsadakis in [VouO&}institutionsmay be viewed as the natural generalization of the
notion of a deductive system on which a categorical theomigdbraizability, generalizing the theory
of [BPO1] may be basedn the sequel we review the basic definition and adopt Valaisa’'s notion of
interpretation to define refinement by interpretation innsageneral setting.
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Definition 1 A rrinstitution I is a tuple(Sign SEN, (Cs ) s¢|sign) where
e Sign is a category of signatures and signature morphisms;

e SEN: Sign— Set is a functor from the category of signatures to the categbsmall sets giving,
for eachX € |Sign, the seSEN(Z) of Z-sentences and mapping eachf; — X, to asubstitution
SEN(f) :SEN(Z;) — SEN(Z2);

e for eachX € |Sign, Cs : Z(SEN(X)) — Z(SEN(X)) is a mapping, called-closure such that,
forall A,B C SEN(X) and 4,2, € Sign;
(@) ACGCs(A)
(b) Cs(Cs(A)) =Cs(A)
(c) Cs(A) CCs(B)forACB
(d) SEN(f)(Cz, (A)) C Cs,(SEN(F)(A))

Note that thex-closure operator of a-institution is not required to be finitary.

Definition 2 A rrinstitution I' = (Sigr, SEN’, (C5)sc sign)) is @ sub4-institution of | = (Sign SEN,
(Cs)sesigr) If Sigt is a sub-category of Sign and, for eazhe [Sigri|, SEN'(Z) € SEN(Z) and the
>-closure G is the restriction of .

Roughly speaking, the notion of logical interpretation emging [MMB09a] is that of [BP89]: a
multifunction (i.e., a set-valued function) relating farfas which preserves and reflects logical conse-
quence. Note that the expressive flexibility of interprieted comes precisely from their definition as
multifunctions. A corresponding definition, to be used ie #equel, was proposed, in the context of
r-institutions, in [MouO3]:

Definition 3 Given twortr-institutions 1= (SignSEN, (Cs)s¢(sig) and I' = (Sigr, SEN’, (C5 ) s¢/sigr|)»
atranslation(F,a) : | — I’ consists of a functoF : Sign— Sigri together with a natural transformation

a:SEN — & SEN'F.
A translation(F,a) : | — I’ is asemi-interpretatiorif, for all = € |Sigr], U {@} C SEN(X),

peCs(®) =  as(p) CCry)(az(P)) 1)

It is aninterpretationf,
9eCi(®) & a5(9) CChy (az(®)) )

Finally, we say that a translatior{F,a) interprets ar-institution I, if there is ar-institution I° =
(SigrP, SEN®, (C2)5¢sigre|) for which (F, a) is an interpretation.

Note that a translation depends only on the categories ofsiges and the sentence functors in-
volved, but not on the family of closure operators. A tratigfais aself-translationif F is the identity
functorld. On the other hand, itis said to béuectional translatiorif, for every € |Sigr, ¢ € SEN(Z),
|as(¢)| = 1. Additionally, it is anidentity translation if for every X € |Sigr|, ¢ € SEN(Z),

as(9) = {o} 3)
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3 Refining r-institutions by interpretation

In software development the processstépwise refinemefiT88b] encompasses a chain of successive
transformations of a specification

oSG oS S

through which a complex design is produced by incrementadiging details and reducing under-spe-
cification. This is done step-by-step until the class of ni®tlecomes restricted to such an extent that
a program can be easily manufactured. The discussion on eduaits for a valid refinement step,
represented b ~ §j, is precisely the starting point of this line of research.

The minimal requirement to be placed on a refinement relabesides being a pre-order to allow
stepwise construction, is preservation of logical consega. In the framework ofr-institutions this
corresponds to the following definition:

Definition 4 (Syntactic refinement) Let | = (SignSEN, (Cs)s¢(sigr) @and I' = (Sigri, SEN’, (C5 ) s¢|sign|)
be tworr-institutions. [ is a syntactic refinement of | if Sign is a sub-category of 'Sagml, for each
> € |Sigr}, SEN(Z) € SEN/(Z) and G(®P) C Cy(P) for d C SEN'(Z).

Clearly, arr-institution is a syntactic refinement of any of rssub-institutions. Refinement by interpre-
tation, on the other hand, goes a step further:

Definition 5 (Refinement by interpretation) Consider tworr-institutions |= (SignSEN, (Cs )s¢|sign)
and I' = (Sigrl,SEN', (C5)s¢sigr|) and let(F,a) : 1 — 1" be a translation. is arefinement by inter-
pretationof | via (F, a), written as I~ 4 I', if

o there is arrinstitution 1° = (Sigr, SEN', (C9)scsigr) that interprets | under translatiodF, o );

e forall Z € |Sign, ® C SEN(Z),

@ eCs(P) = as() CCrz)(az(P))

Clearly, a syntactic refinement is a refinement by interpiggiafor a self, identity, functional inter-
pretation, withF = Id. The following Lemma establishes an useful charactednatif refinement via
interpretation:

Lemma 1 Let | = (SignSEN, (Cs)s¢(sigr) and I' = (Sigri, SEN', (Cs ) s¢|sigr|) be tworr-institutions and
(F,a) :1 — 1" atranslation. Then, & oy I"if 1" is a syntactic refinement of some interpretation of |
through (F, a).

Proof. Supposeé’ is a syntactic refinement of an arbitrary interpretatidof | along(F, a). Clearly the
first condition in the definition of refinement by interpréatis met. For the second, I&tc Signand
dU{@} C SENZ). Assumep € Cs(P). Then

as(p) C Cg(z)(az(q)))
becausdF,a) is an interpretation. On the other hamdbeing a syntactic refinement b,
CE(Z)(GZ(Q))) C Cr)(as(®))

;hUS,az((P) - C|/:(z) (ai(q)))'

Definition 5 subsumes the corresponding notion introdund1MB09a] for k-dimensional deduc-
tive systems, because evdeglimensional deductive systefr”,F- ) over a countable set of variables
V, gives rise to a specifig-institution | » = (Signy, Seny, (C.4 )sc|sign,|)» bUilt in [Vou02] as follows:
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(i) Signy is the one-object category with obje¢t The identity morphism is the inclusiag : V —
Fmg(V), whereFmg (V) denotes the set of formulas constructed by recursion usnghles
in V and connectives it in the usual way. Compositiog- f is defined byg- f = g*f, where
g :Fmg (V) — Fmg (V) denotes the substitution uniquely extendgigp Fmg (V).

(i) SENg : Signy — Setmaps V toFm¥, (V) andf :V —V to Fmg (V) (f)k: Fmk, (V) — Fmk, (V).
It is easy to see th&EN  is indeed a functor.

(iii) Finally, C« is the standard closure operaty : Z(Fmg(V)) - Z(Fmg(V)) associated with
(L, Fg),ie.,Cv(P)={peFm,(V): ®Fy @} forall @ CFmk, (V).

Example 1 Therrinstitution of modal logic 5° forms a (syntactic) refinement of the one for classical
propositional calculus (CPC). Actually, consider the miosignature> = {—,A,Vv,—, T, L, O}. Modal
logic K is defined as an extension of CPC by adding the axigp— q) — (Op — 0q) and the inference
rule D—pp Logic S, on the other hand, enriches the signature of K with the syrmband K itself with
the axiomsOp — p, Op — Odp and Cp — OCp, cf. [BPOL]. Hence, since the signature of both
systems contains the signature of CPC and their presenstixtend that of CPC with extra axioms
and inference rules, we have CREGK and CPC~» $5° (actually, CPC~ K ~» S5). Hence, through
these refinements, one may capture more complex, modaiiyserg requirements introduced along the
refinement process.

Given an interpretatiorr : Fmg (V) — Z(Fmg/(V')) between two deductive system&’,+ )
and (.’ ,\ o), let us definelF;, T) as the translation betweemninstitutions| » andl ¢/, whereF is a
functor between single object categories, mapping, atljecolevel,V toV'. As expected,

Lemma 2 Anl-deductive systefa?’, I o) is an interpretation of a k-deductive systé#, - &) through
an interpretationt, iff (F;, T) interprets therrinstitution |y in l.¢.

Proof. Assume(.Z ) (respectively,(.#’.\- #)) are defined over a countable set of variatlege-
spectivelyV’). Being an interpretation between deductive systansa multifunctiont : Fmg (V) —
P (Fmg (V') such that, for all U {¢@} C Fmg(V),

rFe o & (N ke 1(9) (4)

According to the construction df,, detailed above, this is equivalent to
peCy(lN) & 1(p) CC(1(IN)) (5)
O

Hence, it is immediate to check that

Corollary 1 An I-deductive systefa?”, | ) is a refinement of a k-deductive systefi,+- o) through
an interpretationt, iff the r-institution |y is a refinement of through (F;, 7).

As a final remark, note that, in a very precise sense, Defini@lso covers the case of classical
institutions. Actually, arr-institution corresponding to a classical one can alwayddiged: for each
signatureX and set of formula$!, takeCs (W) as the set of sentences satisfied in all models validating
W,
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4 The local view

Having discussed refinement by interpretatiormrefstitutions, we address now the same sort of refine-
ment applied to specifications inside an arbitrarinstitution. Such is théocal view. Given an arbitrary
r-institution | = (Sign SEN, (Cs)s¢sigr)» @ basic, oflat specification is defined as

SP = (z,®)

whereX € [Sigrl and® C SEN(Z). Its meaning is the closure @, i.e.,Cs(®). D. Sannella and A.
Tarlecki in [ST88a] define specification over an arbitrargtitution along similar lines, but taking, as
semantic domain, classes of models instead of logical cesee relations.

As expected, any morphism: = — %’ in Signentails a notion ofocal refinement-:4 in | given

by

(Z,8) o (T, @) if o(P) CCx(P) (6)

For g an inclusion, this may be regarded as a form of syntacticeafant.
Specifications may also be connected by interpretationshyligain, correspond to multifunctions
preserving and reflecting consequence. Formally,

Definition 6 Let(Z, ®) and(Z’, ') be two specifications overrainstitution | = (Sign SEN, (Cs)s¢sigr)
and i: SEN(X) — Z(SEN(Y')) a multifunction fromSEN(Z) to SEN(Y') . Then i is a(local) semi-
interpretationof (X, ®) in (X', @') if, for all @ € SEN(Z),

P eCs(P) = i(p) CCx(P) (7)
It is a (local) interpretatiorof (X, ®) in (', ®') if,
PeCs(P) « i(g) CCx(P) (8)

Finally, we say that {locally) interprets(, @), if there is a specificatioz®, ®°) on which(Z, ®) is
interpreted by i.

Adopting expressiong is true inspecification(Z, ®)” to abbreviate the fact thag € Cs(®), defini-
tion (8) can be read apis true in (X, ®) iff i (@) is true in (X', @’).

Definition 7 Let SP= (Z,®) be a specification and:iSEN(Z) — Z(SEN(Z')) a translation which
interprets SP. A specification SR (¥’ @) refines SP via local interpretation i, written as SR SP, if
for all ¢ € SEN(Y),

@ €Cs(®) = i(p) CCx () €

Given ao : £ — X' € Sign SEN(0) : SEN(X) — SEN(Y') induces a translation that maps each
@ € SEN(Z) into {SEN(0)(@)}. In the sequel we identify this translation simply wEEN(o).

Definition 8 A signature morphisno : £ — ¥’ € Sign isconservativef for any ® C SEN(Z), SEN(o)
interprets(Z, ®) in SP” = (Z',SEN(0)(®P)).

Observe thaSEN(0) is always a semi-interpretation fro8Pto SF°. Moreover, note that conservative-
ness is a stronger notion than that of interpretability.
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Theorem 1 Leto : £ — %’ € Sign be a conservative signature morphism,=SFZ, ®) a specification
over | and®’ € SEN(X'). Then,

SEN(0)(®) € Cx/(®') implies that SPogey(g) (2, ') (10)

In practice, new specifications are built from old througiplegation of a number of specification
constructors. As a minimum set we consider operators totypmspecifications, to translate one into
another, and to derive one from another going backward atosignature morphism. The following
definition characterizes along these lines a notion of &irad specification in an arbitrarginstitution.

Definition 9 Structured specifications over an arbitrarginstitution | = (SignSEN, (Cs )s¢sign) are
defined inductively as follows, taking flat specificationsh&sbase case.

e For a signatureZ, the union of specifications $P (%, ®;) and SR = (3, ®,) is defined as
union(SR,SB) = (X,®1Ud,)
e The translation of specification SP (X, ®) through a morphisnw : ¥ — %’ in Sign is defined as

translate SPthrough 0 = (Z',SEN(0)(®))

e The derivation of & specification from SP= (¥, @’) through a morphisnw : = — %' in Sign is
defined as
derive SP through 0 = (2, W)

whereW = {y| SEN(0)(y) € Cs/(¥')}.

Of course, itis desirable that refinement be preserved higdrtal composition of specifications. In
particular, refinement by interpretation should be presgtwy all specification constructors in Definition
9. The result is non trivial. Farnion we have,

Lemma 3 Leti: SEN(X) — Z?(SEN(Y')) be a local interpretation, and $P- (Z,®;), SB = (X, ®y)
specifications such that $R; SH and SR~ SB. Ifi interpretsunion(SR, SB), thenunion(SR, SB) ~»;
union(SH,SB).

Proof. For all € SEN(X), we reason
SR~ SE A SR~ SB
& { definition}
@ € Cs(P1) =i() SCxr(P) A @ Cx(P2) =i(9) € Cxr(P)
= { Cs,Cy monotonic
@ € (Cs(P1) UCs(®P2)) =i(9) C (Cxr(Py) UCs(P5))
& { definition}

union(SR, SR) ~+; union(SRH,SK)

The remaining cases are not straightforward. Actuallyjeatihg compatibility entails the need for
imposing some non trivial conditions on morphisms.
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5 Towards a refinement calculus

Having defined refinement by interpretatianrossrrinstitutions andnside an arbitraryr-institution,
this section sketches their interconnections. Our firgtistéo define how a specification in an institution
| translates td’ along an interpretation.

Definition 10 Letp = (F,a) : 1 — |’ be a translation betweerrinstitutions | and 1 and SP= (X, ®)
a specification in |. The translatiop(SP) of SP througtp is defined by

p(z,®) = (F(2),az(P)) (11)

Next lemma answers the following question: is refinemennhbgrpretation over arbitrarg-institutions
preserved by the specification constructors?

Lemma 4 The definition of specification translation is structuraleovthe specification constructors
given in definition 9, i.e.

 (union(SR, SR)) = union(p(SR), p(SR))
P (translate SPthrough 0) = translate p(SP) through F(0)
P (derive SP through o) = derive p(SP) through F(0)

Proof. For the first case Ie8R = (21, ®1) andSB = (Z,, ®;). Then,

p (union(SR,SR))
= { definition ofunion}
P (=, D UD,)
= { definition of p}
(F(2), a(P1UD2))
= { a is a natural transformatign
(F(2),a(P1)Ua(Pz))
= { definition ofunion}
union((F(Z),a(®1)), (F(Z),a(P2)))
= { definition of p}
union(p(SR),p(SR))
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Consider now the second case (the third being similar):

p (translate SPthrough o)

= { definition oftranslate}

p(,o(P)
= { definition of p}

(F(Z), 0z (0(®)))
= { a is a natural transformatign
(F(z), 2(0)(a5(®)))
= { definition oftranslate}
translate (F(Z'), as(®)) through F(0)
= { definition of p}
translate p(SP) through F(0)

Note a slight abuse of notation: the extensiop@P) in the conclusion is actually through the powerset
extension of (o).
0

6 Conclusions and related work

In software development, one often has to resort to a numbdifferent logical systems to capture
contrasting aspects of systems’ requirements and progmagrparadigms. This paper usasnstitutions
to formalize arbitrary logical systems and lifts to sucheles recently proposed [MMB09b, MMB09a]
approach to refinement based on logical interpretation.

Refinement by interpretation is formulated at both a glolal, (acrossr-institutions) and local
(i.e., between specifications inside an arbitrarynstitution) level. The paper introduces a notion of
structured specification and shows that, at both levelsiaefent by interpretation respects the proposed
specification constructors. Actually, the institutionedtirg not only makes it possible to go a step further
from [MMBO09a] in generalizing the concept to arbitrary logji but also provides a basis to build up a
refinement calculus of “institution-independent”, stured specifications.

We close the paper with a few remarksrefinement by interpretatiom itself and some pointers to
related work.

The idea of relaxing what counts as a valid refinement of aabaific specification, by replacing
signature morphismby logic interpretationsis, to the best of our knowledge, new. The piece of re-
search initiated with [MMBO9b] up to the present paper wasdlly inspired by the second and third
author’s work on algebraic logic as reported, respectivielfMar06] and [Mad08], where the notion
of aninterpretationplays a fundamental role (semg, [BP89, BP0O1, BR03, Cze01]) and occurs in dif-
ferent variants. In particular, the notion obnservative translatiointensively studied by Feitosa and
Ottaviano [FDO1] is the closest to our own approach.

Refinement by interpretation should also be related to tieneike work of Maibaum, Sadler and
Veloso in the 70’s and the 80’s, as documented, for examplpMEV84, MVS85]. The authors resort
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to interpretations between theories and conservativengixtes to define a syntactic notion of refinement
according to which a specificatid®P refines a specificatioBPif there is an interpretation &P into

a conservative extension 8P. It is shown that these refinements can be vertically conmhdkerefore
entailing stepwise development. This notion is, howevamehow restrictive since it requires all maps
to be conservative, whereas in program development it iallysenough to guarantee that requirements
are preserved by the underlying translation. Moreoverhat fipproach the interpretation edge of a
refinement diagram needs to satisfy a number of extra piepert

Related work also appears in [FM93, VouO5] where interpieia between theories are studied, as
in the present paper, in the abstract frameworkeafistitutions. The first reference is a generalization of
the work of Maibaum and his collaborators, whereas the skgeneralizes terinstitutions the abstract
algebraic logic treatment of algebraic semantics on séatdagics. Notions of interpretation between
institutions also appear in [Bor02] and [Tar95] under thsigleation ofinstitution representationDif-
ferently from the one used in this paper, borrowed from [\&Ju€hey are not defined as multifunctions.
The work of José Meseguer [Mes89] ganeral logicswhere a theory of interpretations between logical
systems is developed, should also be mentioned.

We believe this approach to refinement through logical prtation has a real application potential,
namely to deal with specifications spanning through difiespecification logics. Particularly deserving
to be considered, but still requiring further investigatiare observational logic [BHKO03], hidden logic
[Ros00, MPQ7] and behavioral logic [Hen97]. As remarkedwah the study of refinement preservation
by horizontal composition remains a challenge and a topauokent research.

Other research topics arise concerns the ways in wiiabal andlocal levels interrelate. For ex-
ample, we are still studying to what extent a local refinenisninterpretation of a specification in a
r-institution 1, lifts to another local refinement of its translation inddid®y a global interpretation from
| to anotherrinstitution|’.
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Simulink/Stateflow charts are widely used in industry for the specification of control systems, which
are often safety-critical. This suggests a need for a formal treatment of such models. In previous
work, we have proposed a technique for automatic generation of formal models of Stateflow blocks
to support refinement-based reasoning. In this article, we present a refinement strategy that supports
the verification of automatically generated sequential C implementations of Stateflow charts. In
particular, we discuss how this strategy can be specialised to take advantage of architectural features
in order to allow a higher level of automation.

1 Introduction

MATLAB Simulink [24] is a graphical notation widely used in the automotive and avionics indus-
tries; it supports the specification of control systems in a level of abstraction convenient for engineers.
A Simulink diagram consists of blocks and wires connecting the inputs and outputs of the blocks.

Stateflow [25] is an extension of Simulink that supports the specification of state transition systems,
providing a new Simulink block, namely, a Stateflow chart. It is a variant of Statecharts [12], which
extends standard state-transition systems by introducing new features, such as hierarchy and parallelism.

While Simulink diagrams are typically used to specify aspects of a system that can be modelled
by differential equations relating inputs and outputs, Stateflow charts usually model the control aspects.
There is a wide range of tools that support Simulink and Stateflow. These include a simulation and
analysis tool, a verification and validation tool, a code generator and a prototyping tool [24, 25, 23].

The extensive use of Simulink/Stateflow in the development of safety-critical systems, associated
with certification standards [3, 9] that recommend the use of formal methods for the specification, design,
development and verification of software, makes a formal treatment of these notations extremely useful.

We are concerned with the assessment of the correctness of implementations of Stateflow charts. A
frequent approach to this problem is based on the verification of automatic code generators [4, 27, 13].
We propose an orthogonal approach based on the verification of implementations with respect to a model
of the chart. An overview of our approach is given in Figure 1.

This approach consists of deriving formal models of a Stateflow chart and its implementation, and
applying the refinement calculus to check the correctness of the model of the implementation with respect
to the model of the chart. This is particularly suited for situations where automatically generated code is
not applicable or convenient, for instance, in situations where hardware and performance requirements
require changes in the generated code. Moreover, Simulink and Stateflow are frequently updated, and
these updates can have a heavy impact on the cost of the verification of any code generator.

In [16], we propose an operational model of Stateflow charts, provide translation rules for deriving
such models, and discuss a tool that automatically generates the model of a Stateflow chart. The model of
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Refinement Workshop 2011.
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Automatic generation [14,15] Refinement Strategy Automatic generation
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(Fig. 2) (Fig. 4) (Fig. 6) automatically

Formalism hidden

Figure 1: An approach for the verification of implementations of Stateflow charts.

a Stateflow chart is formed by the composition of two processes: the first models the general semantics of
Stateflow [25], and the second models specific aspects of a chart. The model of the semantics of Stateflow
chart is structured in a way that facilitates the inspection and comparison to the informal semantics found
in [25], as no formal analysis can be made because the semantics of Stateflow is available in an informal
way [25] or is hidden in the simulation tool.

The refinement calculus is enough for the purpose of verifying such models. However, the expertise
required for such verification is often not available. Moreover, the complexity of Stateflow and the size
of real charts potentially renders the manual application of the refinement calculus infeasible. We aim
in our approach to hide as much of the formalism as possible, to allow it to be used in real scenarios by
engineers and programmers. For that to be achieved, we must provide means for the refinement to be
established at least in a semi-automatic way.

We propose a verification strategy for sequential automatically generated implementations of discrete-
time Stateflow charts with respect to models of Stateflow constructed (automatically) as described in [16].
This technique is closely related to that proposed in [5] for verification of implementations of Simulink
diagrams. Our work extends those results to cover a larger class of diagrams and implementations.

The implementations that we consider are those that follow the architectural pattern employed by the
code generator provided by MATLAB. There are other code generators [22, 27], but as far as we know,
they all cover a limited subset of the Stateflow notation. Fixing the architecture of the implementation
allows us to specialise the details of the strategy to increase its level of automation.

Our models for Stateflow charts are specified in Circus [29], a formal notation that integrates Z [30],
CSP [21], Dijkstra’s language of guarded commands [8], and the refinement calculus [17]. These mod-
els are particularly adequate for refinement-based verification techniques. Our technique uses the Circus
refinement laws to provide a tactic of refinement that can be used to prove the correctness of an imple-
mentation in a highly automated way. Soundness of the technique stems from soundness of the laws.

This article is structured as follows. Section 2 introduces the background material necessary for
the presentation of our strategy. Section 3 discusses the architecture of automatically generated im-
plementations of Stateflow charts and provides general guidelines for deriving Circus models of these
implementations. Section 4 describes our refinement strategy for the verification of implementations of
Stateflow charts. Section 5 assesses our contributions, examines related work, and discusses directions
for future developments.

2 Background material

In this section, we introduce the Stateflow and Circus notations, and our formal models of Stateflow charts.
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Figure 2: Absolute value chart.

2.1 Stateflow charts

Figure 2 shows our running example: a Stateflow chart adapted from an example supplied with the tool.
The chart has one input variable (u) and one output variable (y); it outputs in y the absolute value of u.

A Stateflow chart is built from a series of components, such as states, transitions, junctions, data and
events. States are represented by rectangles with round corners; in our example, the boxes marked with
P and N are states. States, as well as charts, can have substates, which are arranged in a sequential or
parallel decomposition. A state with a sequential decomposition has at most one substate active at any
given time, while a state with a parallel decomposition has all of its substates active or inactive at once.

A state has a set of actions associated with it, namely, entry, during, exit, on, and binding actions.
Entry, during and exit actions are executed when the state is entered, executed, and exited, respectively;
on actions are executed in the same situations as during actions, with the additional requirement that a
particular event is being processed; and binding actions bind a particular event or data to the state. In our
example, both P and N have a during action. In P, u is assigned to y, and in N, —u is assigned to y.

Two states (within a state or chart with sequential decomposition) can be connected by one or more
transitions; they are indicated by arrows and can be guarded by events and conditions. There are two
types of actions associated with a transition: condition and transition actions. Condition actions are
executed when the guard of the transition (event and condition) is true, and transition actions are executed
when the transition leads to a state being exited.

Transitions are classified according to the relative position between its source and target states; inner
transitions have the target state as a substate of the source state, and outer transitions do not. There is a
special type of transition, called default transition, that has no source; it is used to indicate the default
path to be taken when a state or chart is first entered. In our example, we have one default transition, and
five outer transitions. Three of the transitions are guarded by a condition: u>=0, u<0, or u>=0.

A transition path is formed by a series of transitions linked by junctions which are represented by
circles. There are two junctions in our example; they form two transition paths. A transition path is
completed only when a state is reached by following all the transitions in the path. When a transition
path is completed, the source of the path is exited, the transition actions of the path are executed, and
the target state is entered. Additionally, there is a special type of junction, called history junction, which
records the most recently activated substate of the state that contains it.

In the example in Figure 2, initially, the chart is inactive; the first time it is executed, it is activated
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channelin,inl,in2,out : seqN
process Merger = begin
state S == [y : seqN]
Init§ == [S"[ Y = ()]
Merge = x1,x2:seqN o
if#tx1 =0—y:=y " x2
[#x2=0—>y:=y " xl
[#x1 0 A #x2 £ 0—>
ifheadx1 < headx2 —y:=y " (headxl) ; Merge(tailx1,x2)
|headx1 > headx2 —y :=y " (headx2) ; Merge(x1,tailx2)

fi
fi
o [nitS; in1?x1 — in2x2 — Merge(x1,x2) ; out!y — Skip

end

process SplitSorter = . ..

SplitSorter
process ParallelSorter = | [{inl,in2}] |\ {inl,in2]}
Merger

Figure 3: The ParallelSort specification.

and one of its two states is entered depending on whether u is greater than or equal to zero (state P) or

not (state N). In the next execution, if the sign of u has changed, a transition takes place from one state to

the other. If there is no change, the during action of the active state assigns the absolute value of u to y.
Before presenting the Circus model of this chart, we give, in the next section, an overview of Circus.

2.2 Circus

We present the main Circus features using the example in Figure 3. It models a parallel sorter that reads
a sequence of natural numbers through the channel in, and writes on the channel out an ordered version
of the input sequence. A detailed presentation of Circus can be found in [29].

A Circus specification is a sequence of paragraphs: Z paragraphs (axiomatic definitions, schemas,
and so on), channel and channel set declarations, and process definitions. The first paragraph of our
example defines four channels in, inl, in2, and out, which communicate sequences of natural numbers,
that is, elements of the type seqN. The second paragraph is a basic process definition. It provides the
name of the process (Merger), the definition of its state using a schema S, an action /nitS defined by an
operation schema, an action Merge, and a main action (after a @), which defines, using the previously
defined actions, the overall behaviour of the process.

In general, Circus actions are written using a mixture of Z and CSP constructs, and guarded com-
mands. In our example, the main action initialises the state using InitS, reads a value x1 through the
channel inl, reads a value x2 through in2, calls Merge with the values x1 and x2 as parameters, and
outputs the state variable y through out.

The schema S has only one component y of type seqN, that is, the set of sequences of natural num-
bers. The schema InitS specifies an initialisation operation over S that sets y to the empty sequence ({)).
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Like in Z, we use y’ to refer to the value of y after the operation.

The action Merge takes two sequences x1 and x2 of natural numbers, and appends them to the state
variable y, so that if both input sequences are ordered, the final sequence in y is also ordered. The
specification of Merge uses a conditional and assignments from the guarded commands language. If one
of the sequences is empty, the non-empty sequence is appended. When both sequences are not empty,
Merge compares the first element of each sequence (head x1 < head x2), appending the smallest of them
to y, and recursively calls Merge on the rest of the sequence that had the smallest element (tailx1 or
tailx2), and the whole of the other sequence.

Processes encapsulate their state and interact with other processes through channels. The usual
CSP operators can be used to combine processes. The fourth paragraph in Figure 3 defines the pro-
cess ParallelSorter as the parallel composition of the processes SplitSorter and Merge, communicating
over the channels inl,in2. The process SplitSorter in the third paragraph is omitted; it splits a sequence
of natural numbers in two, sorts each sequence in parallel, and outputs them through channels inl and
in2. In the definition of ParallelSorter, the channels inl and in2 are hidden, thus yielding a process
whose interface contains only the channels in and out.

In the next section, we have another example of a process; the model of the chart in Figure 2.

2.3 A formal model of Stateflow charts

In this section, we describe the Circus operational models of Stateflow charts that we can generate au-
tomatically. In these models, the execution of one step of the chart is initiated by reading inputs, and
concluded by writing outputs, and synchronising on a channel called end_cycle. A more detailed de-
scription can be found in [15, 16].

Our models consist of two Circus processes in parallel. The first, Simulator, represents the simulator,
and is the same for every chart. The second, the chart process, represents a particular chart. The simulator
and the chart processes communicate over the channels in the set interface plus the channel end_cycle,
with the channels in interface hidden. Figure 4 shows the structure of the automatically generated model
of the chart in Figure 2.

The chart process P_AbsoluteValue uses a data model that defines the state, transition, and junction
identifiers, as well as the states, transitions, and junctions as bindings of specific schemas. These are
constants that capture information about the structure of the chart. They are represented by the first
rectangle in Figure 4. These constants are collected in four other constants defined within the chart
process: identifier, states, transitions, and junctions. The constant identifier records the identifier of the
chart and states, transitions, and junctions are partial functions that map identifiers to the corresponding
binding. These constants are declared using a schema StateflowChart whose definition is omitted in
Figure 4. Their values are fixed in the process chart.

Next, the chart process defines a series of schemas that specify components of the state and cor-
responding initialisation operations. Information about which states are active and which states are
recorded in the history junctions is recorded in the schema SimulationData, and chart variables are
recorded in the schema Simulationlnstance. These schemas are conjoined to define the schema State that
specifies the state of the process. We adopt the convention of prefixing a v_ to the name of the chart
variable to clarify the nature of the name.

Next, the chart process defines a series of Circus actions that can be divided into four groups: actions
that correspond to state and transition actions, actions that correspond to calculation of triggers and
conditions, actions that read inputs and write outputs, and actions that output the structure of the chart.
All these actions are grouped to define Al/Actions, which is used in the main action as shown in Figure 5.
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Constant definitions: identifiers and bindings

process P_AbsoluteValue process Simulator
‘ Constants: Diagram Structure ‘ ‘ Execute transitions actions ‘
‘ State: status of chart states ‘ ‘ Enter state actions ‘

Actions 1: state and transition actions Execute state actions

Actions 2: triggers and conditions Exit state actions

Actions 4: output of the structure of the chart Local event execution actions

Step of execution action

‘ Actions 3: chart inputs and outputs ‘ ‘ Execute chart actions ‘
‘ AllActions: external choice of the actions above ‘ ‘ ‘

[] ‘ Main action: recursive offering of all actions ‘ [] ‘ Main action: recursive execution of the step ‘

process AbsoluteValue 2 (P_AbsoluteValue || Simulator)\interface

Figure 4: Structure of the model of the chart in Figure 2

((AllActions I\ (interrupt_chart — SKip)) ; Y)

° (Im'tState) ; UX @ uyYy e O 0 X
end_cycle — Skip

end

Figure 5: Main action of the chart process shown in Figure 4

The main action of the chart process is shown in Figure 5; it initialises the state, and recursively offers
the actions in AllActions, with the additional possibility that any of these actions can be interrupted at
any time by a communication over the channel interrupt_chart. The possibility of interruption accounts
for the occurrence of early return logic in the chart, that is, the interruption of the execution of the
chart brought about by a state inconsistency produced by a local event broadcast. The main action has
two nested recursions: the internal one corresponds to the actions that are offered to one particular step
of simulation, and can be terminated by a synchronisation over the channel end_cycle. The external
recursion corresponds to the recursive execution of simulation steps.

The process Simulator does not have a state; it declares a series of actions that model the execution
of transitions, as well as the processes of entering, executing and exiting states. The execution of a chart
is then defined in terms of the previous actions. A chart can be executed multiple times in the same time
step due to the occurrence of multiple input events or the broadcast of a local event. In the first case,
an action encodes the execution of the chart for each active event in the appropriate order and is used
to define the step of execution. In the second case, we define an action that captures the occurrence of
a broadcast and executes the chart under the appropriate setting. This action is called whenever a state
or transition action is executed. All these actions are combined to define the step of execution of the
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Program
BlocklO D_Work Externallnputs ExternalOutputs
Procedure Procedure Procedure
initialization calculate_step calculate_outputs
Main procedure J
calculate_outputs
initialization >
calculate_step

Figure 6: Architcture of the implementations of Stateflow charts

simulator, which is called recursively in the main action of the process Simulator.
In the next section we discuss an approach to modelling implementations of charts.

3 Implementations of Stateflow charts

Figure 6 shows the structure of implementations of Stateflow charts generated automatically by Real
Time Workshop/Stateflow Coder. In general, the implementations produced consist of a series of struc-
tures that define the state of the chart (inputs, outputs, local variables, events, execution state, and so on)
and a series of procedures. The procedures can be divided into those that implement the execution of
the chart, which are relevant for our verification, and those that calculate the next time step. Since we
capture time using synchronisation, we restrict our attention those of the first kind depicted in Figure 6
as calculate_outputs, initialization and calculate_step.

The procedure calculate_outputs implements the execution of the chart, initialization ini-
tialises the variables of the program, and calculate_step implements the control of the execution of
the chart according to the number of active events. The main procedure of the implementation initializes
the program and repeatedly calculate the outputs using the procedure calculate_step. In the case of
a C implementation, the procedures shown in Figure 6 are implemented as C functions whose names re-
flect the name of the chart. In our example, for instance, the procedure calculate_outputs is implemented
as the C function AbsoluteValue_output.

Of particular interest to us is how the implementation models information regarding the status of the
states. This is done in two different ways, according to the type of decomposition of the states. In this
discussion, we regard the chart as a state. If the state has a parallel decomposition, its status is modelled
by a single variable in the structure D_Work_X, where X is the name of the chart. This variable is called
is_active_S, where S is the name of the state; it has a numerical type (uint8_T), but, in fact, it is used as
a boolean variable, that is, if its value is zero the state is not active, otherwise, it is active.
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D_Work_AbsoluteValue == [is_active_c1_AbsoluteValue,is_c1_AbsoluteValue : N]

process AbsoluteValue = begin

state AbsoluteValue_state == [AbsoluteValue_DWork : D_Work_AbsoluteValue; .. .]

AbsoluteValue_DWork_is_c1_AbsoluteValue = x : N ® AbsoluteValue_DWork :=
(is_active_c1_AbsoluteValue == AbsoluteValue_DWork.is_active_c1_AbsoluteValue,
is_c1_AbsoluteValue == _y|)

AbsoluteValue_output = tid : 7. @

ifAbsoluteValue_DWork.is_active_c1_AbsoluteValue = 0—

AbsoluteValue_DWork_is_active_c1_AbsoluteValue(1);
ifAbsoluteValue_B.SineWavel > 0—
AbsoluteValue_DWork_is_c1_AbsoluteValue(AbsoluteValue_IN_P)
|- (AbsoluteValue_B.SineWavel > 0)— )
AbsoluteValue_DWork_is_c1_AbsoluteValue(AbsoluteValue_IN_N) ’
fi

|- (AbsoluteValue_DWork.is_active_c1_AbsoluteValue = 0)—

fi
AbsoluteValue_Y_y(AbsoluteValue_B.y)

o AbsoluteValue_initialize ; X ® Input; AbsoluteValue_output; Output; end_cycle — X

Figure 7: Circus model of the implementation of the chart in Figure 2

If the state has a sequential decomposition, its status is modelled by two variables in D_Work_X.
The variable is_active_S is as described above. The variable is_S records a number that identifies which
substate is active at the time, its value is zero if there are no active substates. If a state is a child of a state
with a sequential decomposition, no variable of the form is_active_S is created, as the information about
its status is already recorded in the variable is_P, where P is the name of its parent state.

In our example, we have only states with sequential decompositions. The status of the chart is
recorded by is_active_cl_AbsoluteValue and is_c1_AbsoluteValue. There is no need for vari-
ables that record the status of P and N, as this information can be obtained from is_c1_AbsoluteValue.

We model the implementation as a series of schemas and a single process. Figure 7 gives a partial
view of the model of the implementation of our example. Schemas model the records in the implemen-
tation. For instance, D_Work_AbsoluteValue is modelled by the schema D_Work_AbsoluteValue.

For each of the relevant C function in the implementation, we define a Circus action that models it.
In Figure 7, we present the Circus action that models the function AbsoluteValue_output. The main
action of the process is fixed and consists of calling the initialisation action (AbsoluteValue_initialize for
our example), and recursively reading the inputs (with the action Input), producing the outputs (with the
action AbsoluteValue_output), offering the outputs (with the action Output), and signalling the end of the
“time-step” by synchronising on end_cycle. The actions Input and Output abstract as communications
the shared variables used to implement inputs and outputs.

In the modelling of the functions, we map C constructs to similar Circus constructs. Loops are
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Proof obligation: retrieve relation is
a total surjective function from the Proof obligation: rewriting guards
concrete state to the abstract state in conditionals and expressions
_Data » Normalisation > Pgra_llell_sm » Simplification »  Structuring
refinement elimination

Fully automated

Figure 8: Overview of the refinement strategy

modelled using recursion. In general, the translation of implementation constructs is direct, except for
the assignment to a variable of a structure. Since we cannot write b.f := v (as a translation of b.f =
v), for a variable b of type binding, we define Circus actions that specify the assignment of a binding
to the variable, as the action AbsoluteValue_DWork_is_c1_AbsoluteValue in Figure 7. This action takes
one parameter x of type N, and assigns a binding of the schema D_Work_AbsoluteValue to the state
component AbsoluteValue_DWork. The binding is formed by associating each component of the schema
to a value, the component is_active_c1_AbsoluteValue is associated to the value of the same component,
and is_c1_AbsoluteValue is associated to the value of the parameter.

In the next section, we discuss a refinement strategy that supports the verification of the models of
implementations just described with respect to the models discussed in Section 2.3.

4 Refinement Strategy

Our refinement strategy consists of five phases: data refinement, normalisation, parallelism elimination,
simplification, and structuring. Figure 8 illustrates the strategy; it identifies the fully automated phases
and the proof obligations that stem from the other phases.

In the data refinement phase, we modify the state of the chart process in order to conform to the state
of the implementation model. The normalisation phase transforms the parallel composition of the chart
and simulation processes into a single process whose main action initialises the state and recursively
offers an action that encodes a step of execution of the chart. The parallelism elimination phase collapses
the parallel actions that occur in the resulting process. This is necessary because the parallelism in the
diagram model reflects the operational semantics of Stateflow, not a parallel design for a program. In the
simplification phase, we simplify expressions and predicates, and move assumptions through the model
to eliminate unreachable branches of alternations. Finally, in the structuring phase, we rewrite the main
action to match the functions of the implementation, and therefore the actions of its model.

The strategy proposed in this section is generic enough to be applied to a large class of charts and
implementations. It takes advantage of restrictions on the architecture of the implementation to support
a high degree of automation. We consider here only sequential implementations of Stateflow diagrams.
The steps of the strategy are, however, useful in the refinement to parallel implementations as well.

In the sequel, we describe the details of each phase. They define procedures to apply existing and
novel Circus refinement laws whose soundness guarantees the soundness of our verification strategy.
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__ConcreteState
AbsoluteValue_state

AbsoluteValue_DWork.is_c1_AbsoluteValue € {0,1,2}

Figure 9: Restricted concrete state

4.1 Data refinement

In this phase, we construct a retrieve relation between the abstract state of the chart process and the con-
crete state of the implementation model. With that, we use the Circus calculus to construct a refinement
of the chart process, and so preserve its structure, and transform the assignments, operation schemas,
and communications. Precisely, we follow the procedure below for constructing retrieve relations that
are total surjective functions from concrete to abstract states. They allow us to proceed with the data
refinement in a calculational fashion.

The state components of the implementation model belong to one of four groups: execution spe-
cific data, like AbsoluteValue_DWork in our example, local variables (like AbsoluteValue_B), input
variables (like AbsoluteValue_U), and output variables (AbsoluteValue_Y). Additionally, we can
restrict the components of the concrete state to take values only over the appropriate sets. For exam-
ple, Figure 9 shows the state of our implementation model with one additional invariant; it requires that
is_c1_AbsoluteValue takes values from {0,1,2}.

The retrieve relation maps the execution specific data to the components of SimulationData, and the
local, input and output variables to components of Simulationinstance. The correspondence between
the input and output variables is trivial. It is obtained by equating the concrete variables to the abstract
variable whose name is the same except for a prefix v_. The specification of the relation between the
execution specific data of the concrete state and the function state_status in SimulationData is obtained
by using a set comprehension where, for each state identifier s, we define a boolean active that determines
its status from the concrete state. These conditions can be calculated as follows. For a chart name
C, and each component of D_Work_C (in our example, the schema D_Work_AbsoluteValue) named
is_active_name (is_active_c1_AbsoluteValue, for example), where name is the name of state (or chart),
we have the following condition.

s = name A active = (if C_DWork.is_active_name > 0 then True else False)

For instance, the condition for is_active_c1_AbsoluteValue equates s to c_AbsoluteValue, and active to
True or False depending on whether the value of is_active_c1_AbsoluteValue is greater than zero or not.

For each component of the schema D_Work_C of the form is_name, where name is the name of a
state (or chart), we formulate a condition in the following way. For each substate X of name, we define
the condition below.

s =s_X A active = (if C_DWork.is_name = C_IN_X then True else False)

In our example, the condition for the state P equates s to s_P, and active to True or False depending
on whether the value of is_cl_AbsoluteValue is AbsoluteValue_IN_P or not. All these conditions are
composed in a disjunction as shown in the definition of the retrieve relation for our example in Figure 10.
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__RetrieveFunction
P_AbsoluteValue_S
ConcreteState

state_status = {s : domstates; active : B ®
s = s_N A active = if AbsoluteValue_DWork.is_c1_AbsoluteValue =
AbsoluteValue_IN_N then True else False V
s = s_P A active = if AbsoluteValue_DWork.is_c1_AbsoluteValue =
AbsoluteValue_IN_P then True else False VvV
s = c_AbsoluteValue N active =
if AbsoluteValue_DWork.is_active_c1_AbsoluteValue > 0 then True else False}
state_history = {}
v_u = AbsoluteValue_U .u
v_y = AbsoluteValue_B.y

Figure 10: Total surjective functional retrieve relation

Since our example does not contain history junctions, the implementation has no state components
that model the state component state_history of the chart process. The model of the chart establishes that
this state component is the empty partial function, therefore we equate state_history to the empty set.

The retrieve relation in Figure 10 is functional because each abstract state component is defined by a
function of a component of the concrete state. Since no restriction is imposed on the concrete state for the
applicability of the function, the relation is also total. Moreover, for every abstract state A, it is possible
find a concrete state that is related to A by the retrieve relation because the functions are invertible.

Using this retrieve relation, we apply the laws of simulation [6, 19] to obtain a Circus process
C_P_AbsoluteValue by data refinement of P_AbsoluteValue, and to refine the process AbsoluteValue
to a process CAbsoluteValue, as shown in Figure 11. We define the constant ss to increase the readability
of C_P_AbsoluteValue. This function is defined as the characterisation of state_status in Figure 10.

The main action does not change, but components of the actions that it uses are transformed. For
example, Activate and InitState are data refined to operate over the concrete state. Figure 11 shows part of
the definition of ClnitState (the data refinement of the schema InitState); it shows the part of the predicate
that defines the operation. The actions condition_P_N, Inputs, and Outputs are also data refined; the first
has the component v_u rewritten to AbsoluteValue_U .u, the second has the assignment transformed into
an action that assigns a value to a component of a schema binding (as mentioned in Section 3), and the
third has the component v_y substituted by AbsoluteValue_B.y, in accordance with the retrieve relation.

In the next section, we describe how to collapse the parallel composition in CAbsoluteValue.

4.2 Normalisation

In this phase, we first collapse the parallelism between the chart and simulator processes in the process
CAbsoluteValue, and rewrite the main action of the resulting new process to a normal form: an initiali-
sation action, followed by a recursive action. This allows us to focus on the body of the recursion that
characterises one step of execution.
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process C_P_AbsoluteValue = begin

StateflowChart

identifier = c_AbsoluteValue

states = {(s_P,S_P),(s_N,S_N), (c_AbsoluteValue, C_AbsoluteValue) }
transitions = {(t_P_N,T_P_N),...,(t_.6_N,T_6_N)}

Junctions = {(j5,J5), (j6,J6) }

ss:SID + B

ss = {s : domstates; active : B ®
s = s_N A active = if AbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_N
then True else False Vv
s = s_P A active = if AbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_P
then True else False Vv
s = c_AbsoluteValue N active = AbsoluteValue_DWork.is_active_c1_AbsoluteValue }

state ConcreteState
CActivate == [AConcreteState; x? : SID | .. |
CInitState == [ConcreteState’ | AbsoluteValue_DWork' .is_active_c1_AbsoluteValue = False A .. ]

condition_P_N = if((AbsoluteValue_U.u< 40) #0) — ......

Inputs = (read_inputs — (i_u?x — AbsoluteValue_U_u(x)))

Outputs = (write_outputs — (o_y!(AbsoluteValue_B.y) — Skip))
((AllActions A (interrupt_chart — SKip)); Y)

o (ClnitState) ; ux o uye | O X
end_cycle — SKip

end

process CAbsoluteValue = Simulator [ interface U { end_cycle [} | C_P_AbsoluteValue

Figure 11: Data refinement of the processes shown in Figure 4
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(CnitState);
AllActions
A ;Y
o uXe | uvre A (interrupt_chart — SKip) 3 X \ interface
end_cycle — SKkip
[{AbsoluteValue_B,AbsoluteValue_DWork} | interface U{ end_cycle|} | {}]
(UX o Step; X)
Figure 12: Combined main action after merging the two processes.
(CInitState) ;
AllActions
A ;Y
o uy e (interrupt_chart — SKip)
uxe O \ interface ; X
end_cycle — SKkip

Step

Figure 13: Main action after the normalisation phase (We abbreviate the parallelism).

We construct the new process by taking the state of the chart process (the simulator process is state-
less), and combining the main actions of the chart and simulator processes in the same way the processes
were combined, as shown in Figure 12. This is a direct application of the definition of the semantics of
process parallelism in Circus.

Next, we move the schema action ClnitState out of the parallel composition, distribute the hiding
over the sequential composition, and eliminate the hiding over CinitState. The external recursion in the
first action of the parallel composition, and the recursion in the second action are then merged. This
is possible because Step necessarily terminates in a synchronisation over the channel end_cycle, since
this channel is in the synchronisation set, and this synchronisation stops the inner recursion, and starts a
new cycle of the external recursion. We are left with the action in Figure 13, which calls CinitState, and
recursively executes the parallel composition of a recursion (the recursion over Y in Figure 12), and the
action Step, with the channels in interface hidden.

4.3 Parallelism elimination

In this phase, we eliminate the parallelism still embedded in the main action. The parallel action inside
the recursion of Figure 12 reads an input event, reads the input variables, executes the chart, writes the
outputs, and ends the cycle. In general, the step of execution involves a series of communications over
channels that may or may not be in the synchronisation set. Communications over channels not in the
synchronisation set are moved outside the parallel composition, and the others are used to select an action
from AllActions (or trigger an interruption). We proceed as follows to evaluate the communications and
remove the parallelism.
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(CnitState);
input_eventlie—>
i_u?x — AbsoluteValue_U_u(x);

( AllActions/\ >
) )

uve (interrupt_chart — SKip

O
L end_cycle — SKip )
HX o [---] \ interface |’ X
ExecuteChart(ie)
A

interrupt_simulator— ’
interrupt_chart — SKip
write_outputs — end_cycle —> Skip

Figure 14: Main action after the communications over input_event and read_inputs are treated.

By expanding the definition of Step in Figure 13, we have two communications one after the other.
The first is a communication over the channel input_event that is not in the synchronisation set, and the
second is a synchronisation over read_inputs, which is in the synchronisation set. We move the commu-
nication outside the parallel composition, unfold the recursion over Y, and resolve the communication
on the channel read_inputs. This produces a prefixing action identical to the body of the action Inputs in
Figure 11. Because the communication is hidden, we eliminate it and obtain the action in Figure 14.

The actions that can be selected can be an atomic information request, as exemplified by read_inputs,
a non-atomic information request, or a Stateflow action request. In the first case, as already shown, the
parallelism can be removed by resolving the communication. In the case of a non-atomic request (for
instance, a trigger action of Figure 4), the action is composed of two communications. To eliminate the
parallelism we resolve them; this potentially involves resolving a conditional expression that selects the
appropriate value to communicate. A Stateflow action request consists of a communication that identifies
the appropriate action, a series of Circus actions that encode the Stateflow action, and a synchronisation
that indicates completion. In this case, the initial communication and the final synchronisation are treated
as usual. The encoding of the Stateflow action contains assignments and local event broadcasts. Assign-
ments are moved out of the parallel composition, and broadcasts produce a recursive execution of the
chart, which can be treated using the same strategy.

The strategy for eliminating parallelism can be seen as a two level strategy. The first level is guided
by the structure of the simulator process, which potentially leads to the execution of an action of the
chart process, and the second level is guided by a chart process action that has been executed. Since the
simulator process is the same for all charts, we explore its structure to define the refinement strategy.The
same is not true for the chart process, but due to the simple structure of the actions in the chart process,
we can explore the limited patterns that occur.

At the end, we obtain a main action whose structure is as shown in Figure 16. There, we have already
simplified expressions, which is the objective of the next phase.
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AllActions; Y
uYe | 0O
end_cycle — Skip
status!(states(c_AbsoluteValue)..identifier) 2active—s
ifactive = True— .
ExecuteActiveChart(states(c_AbsoluteValue), ie); \interface
< write_outputs — end_cycle — SKip )
Jactive = False—>
ExecutelnactiveChart(states(c_AbsoluteValue),ie);
< write_outputs — end_cycle — Skip )

fi

Figure 15: Parallel action of the main action in Figure 14 after further refinement steps.

4.4 Simplification

In the simplification phase, we transform expressions and eliminate unreachable branches of conditional
statements. The simplification of expressions takes advantage of the constants that model the structure
of the chart, as well as state invariants. For instance, Figure 15 contains an expression that appears
frequently in communication resolutions: states(c_AbsoluteValue).identifier. It evaluates to the identifier
of the state whose identifier is c_AbsoluteValue, but this is exactly c_AbsoluteValue, thus we simplify it.

After these simplifications are carried, we obtain a main action as in Figure 16. The last branch of the
second conditional has the guard: AbsoluteValue_DWork.is_c1_AbsoluteValue # AbsoluteValue_IN_N.
Since AbsoluteValue_IN_N=2, the invariant of the concrete state implies that

AbsoluteValue_DWork.is_c1_AbsoluteValue = 1V AbsoluteValue_DWork.is_c1_AbsoluteValue = 0
Therefore, since AbsoluteValue_IN_P is a constant defined as 1, we replace the above guard with

AbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_P
AbsoluteValue_DWork.is_c1_AbsoluteValue = 0

This guard is then broken in two, and a new branch is added to the conditional statement. We proceed
in this way for every guard defined by a disjunction that checks the status of a state. This simplification
is applied whenever the status of a state in a sequential decomposition is checked because our model
always includes a branch whose guard is an inequality. It is necessary because, while our model contains
only binary conditionals, the implementations may have conditionals with more than two branches.

We traverse the resulting action and for each conditional statement found, we attempt to simplify
the guard. If we can simplify a guard to false, we eliminate the branch. If the guard is true, we reduce
the whole conditional to the action it guards; this is correct, because all our conditionals are of the form
ifb — ... |- b— .. .fi. If a conditional statement cannot be simplified, it should match a conditional
statement in the model of the implementation. For example, the first conditional statement in Figure 16
corresponds to the first conditional statement of the action AbsoluteValue_output in Figure 7.
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® ClnitState; (1 X ® input_eventlie — i_ulx —s AbsoluteValue_U_u(x);
if ss(c_AbsoluteValue) = False — . ..
(ss(c_AbsoluteValue) = True—>

ifAbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_N —»
if((AbsoluteValue_U.u> ,,0) # 0)—
ifAbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_P—
Deactivate_P;, Deactivate_N;, Activate_P;

if(AbsoluteValue_U.u< ,0) #0) — ...

- (((AbsoluteValue_U.u< 0) #0)) — ...

fi
|AbsoluteValue_DWork.is_c1_AbsoluteValue # AbsoluteValue_IN_P—
Deactivate_N; Activate_P;

if((AbsoluteValue_U.u< ,;0) #0) — ...

- (((AbsoluteValue_U.u<0) #0)) — ...

fi

fi

- (((AbsoluteValue_U.u> ,,0) # 0)) —> AbsoluteValue_B_y(— AbsoluteValue_U .u);

if((AbsoluteValue_U .u< ,,0) # 0)—
ifAbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_N —

|AbsoluteValue_DWork.is_c1_AbsoluteValue # AbsoluteValue_IN_N —
fi

|- (((AbsoluteValue_U.u< ,0) # 0)) —> ...
fi

fi
|AbsoluteValue_DWork.is_c1_AbsoluteValue # AbsoluteValue_IN_N —
if((AbsoluteValue_U .u< ,0) #0)—
if AbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_N —» ...
|AbsoluteValue_DWork.is_c1_AbsoluteValue # AbsoluteValue_IN_N — ...
fi
- (((AbsoluteValue_U.u<,0) #0)) — ...
fi
fi

Figure 16: Partially simplified main action of process AbsoluteValue.

The fourth conditional statement in Figure 16 is an example of a statement that can be simplified. The
guard of the first branch is AbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_P, but this
is inside a branch whose guard is AbsoluteValue_DWork.is_c1_AbsoluteValue = AbsoluteValue_IN_N,
and since is_c1_AbsoluteValue cannot have both values (and no statement modifies this component be-
tween the two branches), the first guard is false, and that branch can be eliminated. In this way, we put the
model of the chart in the same shape as the model of the implementation, and once this is achieved, the
structuring phase takes place. Formalisation of this strategy using refinement requires a law to introduce
assumptions based on the guards of the conditional, laws to distribute and use assumptions, and finally
a law to remove an assumption when it is no longer needed. These are standard laws that are valid in
Circus as shown in [19].
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4.5 Structuring

The structuring phase identifies each component of the main action that corresponds to an auxiliary
action in the model of the implementation. It introduces this extra action in the process CAbsoluteValue,
and uses the copy rule to replace the component of its main action by a call to it. The rationale behind
this phase is to match the main action to that of the model of the implementation.

For instance, we compare the action AbsoluteValue_output in the model of the implementation to the
subactions of the main action obtained from the previous phase. We identify a subaction that is a match,
introduce its definition, and substitute the name AbsoluteValue_output in the main action. The result of
all this should be exactly the model of the implementation (as shown in Figure 7 for our example). If
this is not the case, the verification has failed: either the program is wrong, or it does not conform to the
architectural pattern that we can handle.

The detailed application of this strategy to our example can be found in [14].

5 Conclusion

We have proposed a refinement-based verification strategy for implementations of Stateflow charts. This
strategy is guided by the structure of the models of Stateflow charts described in [16]. We have also
discussed how such a strategy can take advantage of the architecture imposed on generated code.

We have provided a procedure for obtaining retrieve relations that support the data refinement of the
specification in a calculational style, thus rendering the data refinement phase also suitable for automa-
tion. In the case of the normalisation and parallelism elimination phases, the possibility of automation
stems from the fixed structure of our models. The simplification phase can be semi-automated because
the main action consists of a number of nested if-statements, and assumptions generated by the guards of
the conditional statements (among others) can be moved into the associated action, potentially falsifying
some of the conditions in an internal conditional statement. Finally, the structuring phase can be guided
by matching actions from the model of the implementation to subactions of the action being refined.

The refinement strategy for Simulink presented in [5] consists of four steps that systematically col-
lapse the massive parallelism of the diagram specification to match the processes of the implementation
model, prove that each of the procedures in the implementation refine the action that specifies it in the
corresponding process, and finally, prove that the parallel programs refine the process that specifies the
system. The main actions of component processes are put in a normal form where they are defined as
the iterative execution of a step that consists of reading the inputs in interleaving, calculating the outputs
and updating the state, writing the outputs in interleaving, and synchronising on the channel end_cycle.

Our strategy has a similar nature, however, it is worth mentioning some important differences. Our
models of Stateflow charts owe their parallelism to the separation between the structure of the model
and the operational semantics of the simulator, not to any implicit or explicit parallelism in the chart.
Therefore, while in [5] collapsing the parallelism is guided by the implementation model, in our strategy
it is performed until there are no parallel actions left. The beginning of our parallelism elimination
phase is similar to the process of putting the main action in a normal form in the strategy for Simulink
diagrams. The equivalent step in our model is, however, not as linear as in [5]. The decision to end
the cycle comes from the action inherited from the simulator process. Nevertheless, by the end of the
parallelism elimination phase, we have a process whose main action is in the normal form of [5]. This
suggests that not only our models can be integrated to the models of Simulink diagrams, but also that our
strategy can be used to put a Stateflow block in the normal form prescribed in [5]. This will support the
integrated use of these verification techniques for Simulink diagrams involving Stateflow blocks.
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There are several approaches to the formal analysis of Stateflow diagrams. These works aim at the
analysis of diagrams, not of their implementations. Operational and denotational semantics are proposed
in [11] and [10]; these support static analysis, interpretation, and compilation of Stateflow charts. Trans-
lations of Stateflow into notations that support model checking are presented in [1], [26], [22], and [7].
Verification in these approaches is based on temporal logics and bisimulation, rather than refinement,
thus verification of implementations is not the objective. An approach based on Z to verify that the chart
satisfies a set of requirements of the system being modelled is presented in [28]. However, it places
strong restrictions on the Stateflow notation.

Olderog [18] integrates three views of a system (trace specification, process algebra and Petri nets) by
formalising a relation between them. While this approach ends in a graphical notation, namely Petri nets,
we take the opposite direction: from a graphical notation to a program. In [2], the refinement calculus is
adapted to Simulink diagrams, but they do not cover Stateflow charts, and their goal is not the verification
of implementations, but the development of diagrams from contracts. In [20], a semantics for u-Charts
is constructed in Z, and a notion of refinement of p-Charts is derived from the existing Z refinement
calculus. This approach is similar to that presented in [16], where we define a semantics of Stateflow
charts in Circus, thus allowing the Circus refinement calculus to be applied, but it differs in the sense that
we focus in a industrial non-formal notation, while the p-Charts notation is a simplification of Statecharts
mainly used in academia. Moreover, our approach goes beyond the application of the refinement calculus
to Stateflow charts; it addresses the problem of automation of the refinement process.

As far as we know, this is the first work to address the issue of verification of implementations of
Stateflow charts. Moreover, as explained in detail [15], our models of Stateflow charts used as the base
for the verification eliminate many of the restrictions imposed in other formalisations.

Given the generality of our refinement strategy, we believe it scales well to modified implementa-
tions. In particular, an implementation that does not modify the use of the variable AbsoluteValue_DWork
should still be amenable to the specialisation of the refinement strategy discussed in Section 4.1. More-
over, our strategy can be used as a preliminary phase in the verification of parallel implementations, as
all the parallelism eliminated by the strategy derives from the structure of the model.

As future work, we will address the issue of verification of parallel implementations of Stateflow
charts. Parallel implementations are not common, and as far as we know there are no code generators
that produce parallel implementations. We will extend the current strategy to allow the verification to be
carried out after the introduction of parallelism in the implementation using fixed design patterns.
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Before we combine actions and probabilities two very obsiquestions should be asked. Firstly,
what does “the probability of an action” mean? Secondly, does probability interact with nonde-
terminism? Neither question has a single universally afjtgmn answer but by considering these
questions at the outset we build a novel and hopefully ineiprobabilistic event-based formalism.

In previous work we have characterised refinement via thnatf testing. Basically, if one
system passes all the tests that another system passesdghbed more) we say the first system is a
refinement of the second. This is, in our view, an important efecharacterising refinement, via the
question “what sort of refinement should | be using?”

We use testing in this paper as the basis for our refinementdad¥elop tests for probabilistic
systems by analogy with the tests developed for non-préibtibisystems. We make sure that our
probabilistic tests, when performed on non-probabilstitbmata, give us refinement relations which
agree with for those non-probabilistic automata. We forseahis property as a vertical refinement.

1 Introduction

Event-based models are frequently based on finite autorRatalso called labelled transition systems)
and probabilistic event-based systems are frequentlydbas&A where the transitions are also labelled
by a probability as well as by an action. Before we combinenevand probabilities two very obvious
questions then arise. Firstly, what does “the probabilftaroevent” mean, or what does it mean for an
event to “behave in a probabilistic fashion”? Secondly, lim&s probability interact with nondetermin-
ism? Neither question has a single universally agreed upswer but by considering these questions at
the outset we build a novel and hopefully intuitive probiskit event-based formalism.

Throughout we will be motivated by a wish to, in the end, deped notion of refinement for proba-
bilistic systems. In fact, refinement will be the startingnp@f our story here as well as the desired end
point.

In previous work we have characterised refinement via themaf testing. Basically, if one system
passes all the tests that another system passes (and magg)enacsay the first system is a refinement
of the second. This is, in our view, an important way of chimasing refinement since the question
“what sort of refinement should | be using?” can be answeresialing “you should be using the sort
of refinement that is characterised by the sort of tests wttieinacterise the contexts within which your
system will find itself, i.e. choose your refinement by logkat what contexts your systems will be used
in.”

Because this seems such a natural and useful answer, westisg tgain in this paper as the basis
for our refinement. We develop tests for probabilistic systdoy analogy with the tests developed for
non-probabilistic systems, all the while hoping to makeegbat our probabilistic tests, when performed
on non-probabilistic automata (and just noting whetherabability distribution is empty or not), give
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Refinement Workshop 2011. This work is licensed under the
EPTCS 55, 2011, pp. 84-100, doi:10.4204/EPTCS.55.6 Creative Commons Attribution License.
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us refinement relations which agree with for those non-goitistic automata: this gives us confidence
that our new notions make sense. We formalise this propei8gection 7.

The real test (!) in all this comes when we consider probstiilautomata which also contain nonde-
terminism. Again, we are guided by the wish that our prolistiiltests, when used on nondeterministic,
non-probabilistic automata, give us a refinement orderihichvagrees with that originally given for
those automata when probability was not considered. Wefaldothat the algebraic properties that
characterise the non-probabilistic case carry over intcmew domain.

We formalise a notion of refinement based upon probabilissts and then try to (re-)capture what
nondeterminism means in this probabilistic setting.

We will first introduce transition systems as a semantic @agion for non-probabilistic automata
and recap previous work on using testing to define refinenoersiLich systems.

It will turn out that part of the key to doing this for probabtic systems is to be clear about two
different philosophical bases for probability, so we nesttiew those. Another part of the key to this
work will be a consideration of how nondeterminism is chégdsed, so we will go on to discuss that
subsequently. This will finally suggest how we might adaphsition systems to allow consideration of
probability, and we finally show how this adaptation can bedu® also allow a treatment of nondeter-
ministic probabilistic systems, all the while retaining éesting-based notion of refinement.

We also show (via a selection) that expected propertiesfoolour refinement.

2 Transition systems

Definition 1 Finite Automata (FA). Let Act be a set of actions and let" A& the same set along with
the special actiorr, which represents actions interacting to form events. Lgb#la finite set of nodes.
The finite automatoW is given by the triplgNa, Sa, Ta) where

1. S\ C Nj is a set of start nodes

2. Ta C{(n,a,m)|n,m e Na Aa € Act"} shows the effect of each action.

We write x—s,Y for (x,a,y) € Ta andx——y whereA is obvious from context. We writa—— for
dm.(n,a,m) € Ta, andm-2sn for

dmy...m .mﬂ>m1, m1ﬁ>mz, ...m Pn

andm-2 for
P1 P2 Pi
dmyg...my, n.m—ny,Mm—My, ... M—n

whenp = (p1,...,0), a finite sequence of actions.

We writen=>mfor n-—m, n==mfor 3j,k.n=j A j kA k=>mandn=2> for 3j,k, m.n=>j A

kA k=m.

m=2 andm=2n are defined similarly to the cases for.

Wherep is a sequence of actions ov&et” we write po for p with the s removed.
The traces ar@r(A) def {p|seS As:p>}.

The complete tracésreTré(A) &' {p | (se Sy As=onA n(n) = 0) wherer(n) & {m | n—5Am}.

1we deal with only acyclic automata and so we do not need towiginfinite traces, though all the work of this paper can
be extended to infinite traces and cyclic automata in thedatanway [1].
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We wish to model, using our automata, components that, IB® @rocesses, can immediately be
nondeterministic. But, unlike CSP, we wish hiding (abdimm) to distribute through choice (s are
used only for unobservable actions or for events, and ngsprkinto service to encode nondeterministic
choice between starting states). There is a subtle differéetween how external choice in CSP and
choice in CCS behave with processes containing initiaktions. This has been explained either by
regarding the choice operators as being different, se€l2é ‘Unique choice operator of CCS, denoted
by +, is a mixture between external and internal choices’yoriewing CSP’s use of actions to model
a nondetermined start state as different to CCS’s ugeagfions [3]. By allowing automata to have a set
of start states we both avoid having to distinguish extechaice and CCS choice and allow hiding to
distribute through choice [3].

Also, choice can be defined ([4, 5]) between FAs with one sti@te each by gluing the two start
states together to make a new single start state. Here, due ¢greneralisation, we glue together two sets
of start states.

LetS={s1,%,...,sn} andS = {s],s,,...,5,} be two sets of starting states and then defiB&s x
S} to be then substitutions{s € Ss/{(s,s;),---,(S,5y) } } and defing{S/Sx S} to be them substitu-
tions{s; € S|sj/{(s1,S)),- -, (S, S)) }}-

We define{S%/Sx S} to be then+ m simultaneous substitutio$s/Sx S}U{S/Sx S}. The first
n substitutions replace each elementsf,s,, ..., s} with a set ofm nodes and the lash substitutions
simultaneously replace each elemen{sfs,,...,s,} with a set oln nodes. ConsequentfyB, Sz /Sa
Sz} will identify the two sets of nodeS, andSg asSa{SaSs/Sh X S5} andS3{SaSs/Sa x Sz} are both
then x mset of node$, x Sg.

Since single states may now become sets of states undettégiion, we also have to define what
it means to have sets of nodes in a transition:

T5T & St teT teT)

Definition 2 Process operators. Lét be (Na, Sa, Ta) and letB be (Ng, Sg, Tg).

Action Prefixinga.B = % ({s}UNg, {s}, {s—3x|x € S5} UTg) where s is a new state.

Internal choiceAr1B %' (NAUNB,SAUSg, TAUTR)

External choice is, informally, internal choice where s$tstates are combined according to the substitu-
tions above. Let S beJ((SaUSS){SaSs/Sa X Ss}), i.e. we combine start states as above. Then,
External choiceArIB &' ((NAUNB)\ (SAUSB)USaoB, Sare, (TAUTe){SASs /Sh x B})
Parallel composition'A Hp B d:ef (NAHPB’ SAHF’B’TAHPB) where PC Nao N Ng, NAHPB = Na x Ng, SM\pB =
Sh x S and Ty, is defined by:
niml,mingkﬂep
(n7 m)#AHpB(I ) k)
néAI R (ng/\meNB) I‘IL)B| s (ngP/\meNA)
(n7 m)L>AHPB(I7m) (ma n>L>AHPB<m7I)

Example 1 LetA be
b
({517827t17t2}7{33-782}7{811>At1782—>At2}>

and letB be
({s%2,t},{s}, {s—=st})

or, in diagram form,
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ThenAmnB is

b
({s1,%,St1,t,t}, {S1,%, S}, {S1——ArBt1, 2— ArBt2, S ArBt})

or, as a diagram,

Given that Qg is

U{st. 52 sHs1/{(s1,9)}, %2/{(%2,9)},5/{(51,9), (52,9} } = {(51,9), (52, 9)}

thenAOB is
({t2,t3, (s1,9), (52,9) }. {(s1,9). (%2, 9) }

{(51,9 = Aot (82,9 —=a0stz, {(51,5), (82,9 }—>acst})
which is
({t27t7 (5173)7 (3275)}7 {(Sg_,S), (SQ,S)},

b
{(s1,9—>ao8t1, (S2,9) —acst2, (S1,5) ——aost}, (S2,9) ——acst})

(s1,S)e (s2,)8
AN A
1o to6 tho to

Finally, A |5y B with (note thatB’s action is nowa)

and as a diagram

AOB

A Sie Se B Se
a bk a{
110 [5Xe) to
is
Allja B 9,9) (s2,1)

(op

(op
O¢—O

(s8¢ (s2,9)e
]l
(t17t) (tz,S) (t2>t)
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3 Testing semantics

The definitions in this section are taken from [6] where thayehbeen applied to both state-based and
event-based models.

One of our tests, of a proce&s taken from a set of process&s consists of placinde in some
contextX taken from a set of possible contexds E in contextX is written [E]x. We then observe the
resulting system. Each observation made is taken from & peissible observationS.

We turn first to our general definition of testing semantiasnondeterministic processes and con-
texts. In this setting a test may return (nondeterminilljicaone observation from a set of possible
observations.

A specification is interpreted asantract consisting of theassumptiorthat the process will be
placed only in one of the specified conte¥taind aguaranteethat the observation of its behaviour will
be one of the observations defined by the mapg@ndE — = — JO. The mappingd defines what can
be observed for all processes in any of the assumed contdgtsce for any fixede andO we have a
definition of the semantics and the refinement of processes.

Definition 3 Let= be a set of contexts each of which the procegsésc E can communicate privately
with, and let O E — = — [JO be a function which returns a set of observations, i.e. asubt). Then,
the relational semantics of a proceAss a subset of x Q.

[Alzo £ {(x,0)|xe =A0e€ O([Al)}

and refinement is given by

def

AC=pC [Clzo C[Alz0

and equality is
=z0C € [CJz0=[Alzo

d

Given a rich enough class of tests the use of nhondeternunesiis is redundant, as what can be ob-
served using a nondeterministic test will be the union oftweha be observed using a set of deterministic
tests. Hence nondeterministic tests add no further infoomand will be ignored.

For all the processes considered in this paper, placing@epsé. in a contextX, i.e.[A]x, will mean
executing procesA in parallel withX, i.e. A ||y X (whereN is some set of actions over which the context
and process communicate, i.e. synchronize) and the obisgrfanctionO is either the trace function
Tr (if only safety properties are of interest) or (if livenessperties are of interest) the complete trace
functionTr®.

Definition 4 Let=pa be FA and leC_pa bel=,, 1ic. O
Theorem 1 Refinement distributes through parallel composition: XY, P, Q € FA

XCraY,PCraQ
X|[NPCraY [N Q
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4 Probabilities—Two Interpretations
There are two (main) interpretations of probability, freguentistand theBayesian

The frequentists'definition sees probability as the long-run expected fraquef occurrence. The prob-
ability of eventA happening, whera is the number of times eveAtoccurs inN opportunities, is
P(A) =n/N.

The Bayesiansview of probability is related to degree of belief or stat&obwledge. It is a measure of
the plausibility of an event given incomplete knowledgee Bayesian probabilist specifies some
given or assumed prior probabilities, which are then usélddrcomputation of other probabilities.
That is to say, anything that is nondeterministic or unknomust either be assigned some proba-
bility or have its probability computed from other, moremitive, known probabilities. Bayesian
statisticians have developed several “objective” metliodspecifying prior probabilities.

The frequentists’ view is based upon repeatedly perforrtfiegsame test many times and, where the
behaviour of the item under test is nondeterministic, aggjieg the results of all the tests. Extending
an event-based testing semantics to record not just thef petseible observations but the probability
with which they occur is a simple uniform way to extend evieased testing semantics to event-based
probabilistic testing semantics. This can be further galizexd by representing both the process under
test and the test process itself with probabilistic autamat

The Bayesian view fits well with Hoare’s comment on nondeteism [7, p81]:

“There is nothing mysterious about this kind of nondetesminiit arises from a deliberate
decision to ignore the factors which influence the selettion

So, nondeterminism in a process is merely a case of not havialysed it enough to quantify it, i.e.
attach to it some probabilities. Nondeterministic chogeriobabilistic choice with unknown probabili-
ties. Surprisingly, this is not how testing semantics hasernbdefined in the literature.

As probabilities quantify (i.e. attach a number to, or makargitative) nondeterministic behaviour,
it is clearly crucial when modelling some real process ttimtjslish between the behaviour of the process
being deterministic and the behaviour being nondetertignisSimilarly when the process is observed
interacting in some context it is crucial to distinguish tr@determinism of the process from the non-
determinism of the context.

Give a coin to a frequentist statistician and they experinbgrflipping the coin a large number of
times noting down the number of times they observe headghgipermost and the number of times
they observe tails. From this experiment they can competgtbbability.

An important point to note is that, to the frequentist, ptulites define how likely it is that an action
is executed, or equivalently how likely it is that the exémuitends in a particular state. The probability
of an event occurring when the event cannot be executed rausrb.

The Bayesian statistician, given a coin, knows that the ohlservations are heads and tails, and
has no further information. The skill of the Bayesian statign is to assign a prior probability based
on understanding the world that agrees with the frequentistecomes very important when we try to
add probabilities to event-based processes that we eihewfthe frequentist and perform experiments
(tests) or follow the Bayesian statistician and think dieabout the behaviour in the world of what we
are modelling.
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Figure 1: Probabilities on starting states

S1eP-0  Spe(

VAN

Figure 2: More general probabilistic combination

5 Probabilistic Finite Automata

5.1 Probability

We introduce probabilities on choice by attaching prolitdsl to the start states of a process. There are
two things to notice here: as in the non-probabilistic caitk RAS, we represent nondeterminism on the
initial state of a process by allowing the process to stadnia of asetof states; and we generalise this
idea to represent thgrobability of starting in some state of a process by attaching proliakilio each

of its start states so that we can see what the probabilitaci possible start state being actually chosen
for some particular execution of the process.

The first of these points is inherited from work [8] which sed¢k remove the need to use unob-
servable actions to also “encode” or represent nondetesmiin a process by assuming the process
makes an unobserved transition to its “real” starting iatéch may be one of many) from some single
“dummy” formal starting state. (And, of course, this is jastase of using the usual “set of states” model
uniformly for start states as well as all other states, wiscdomething we are all familiar with from the
“classic” algorithm that constructs a deterministic firstate automaton from a nondeterministic one.)
Such unobserved actions can then be used exclusively taedésymchronisation between) events. This
idea is, in the second point above, carried over into the ghilistic realm so that initial probabilistic
choice is replaced by a probability distribution over thegible starting states.

So, if P is the process that starts with a choice betw&srand Q,, which have (single, for this
illustration) starting states; ands, respectively, with probabilitiep of starting in states; and 1— p of
starting in states, then we might picturé as in the left of Figure 1. We might represent the picture by
sayingS(P) = {s1 — p,s — 1— p}, whereSis a probability distribution function over start statesof

Further, if we now form the processP (i.e. the event happens then the proceB$happens) then
we might picture this as in the middle of Figure 1, and herécadiow the probabilities have migrated
to the occurrences of eveat This picture suggests that transitions now representftaet@f an action
on an initial state moving the system, according to someahitiby distribution, to the next state, when
it synchronizes with the same action in some other procassywhen the two actions combine to form
an event which takes place with the indicated probability.

So in a.P, the actiona has the potential to move us from stdtéo states; with probability p
and tos, with probability 1— p when synchronized to form an event which actually does td&keep
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with the indicated probabilities. We formalise all this bgyig that the transitions dd.P include
{t-22d | d(s;) = pAd(s) = 1— p}. An alternative picture might be as shown in the right of Fig-
ure 1, and here notice how the probabilities on the new detesfor the new processP have migrated
from the old start states é&f and we haveS(a.P) = {t; — p,t, — 1— p}. This picture might be consid-
ered a useful, though perhaps more unusual, alternativeoiviynking of our system in the previous
picture.

Note that the original form of transitions as in FAs can beoveced by using the domain of the
probability distribution function to tell us what the resewt post-states are.

As processes are combined together, the probabilitiebiéovdrious component start states are com-
bined to form the probabilities for the start states of thelbimation. As an example, see Figure 2, which
shows what the resultant start-state probabilities aré@er-,Q2) +4q P, wheres,, s, andt are the start
states foiIQ1, Q> andP respectively.

5.2 Probability and nondeterminism

From statistics, théaw of large numbersells us that nondeterministic behaviour is the same asgprob
bilistic behaviour where the probabilistic behaviour ikmown but can be found by repeating the right
experiment a large number of times.

In process algebrasactions indicate hidden, unobservable, uncontrollablie or events (a spe-
cial case being when two processes synchronize on somasctihich we consider to be private and
uncontrollable). Remember Hoare’s comment that we citeSeation 4. We have said above that we
view this as agreeing with the Bayesian idea that probghbilidicates a lack of information.

As probabilities refer to frequencies of executable behayii.e. the probability of an event occur-
ring, they naturally occur on actions. The intuitive relationship between nondetersmmand probabil-
ity is widely held. For example,

"nondeterminism represents possible choices that can $aved in a wholly unpredictable
way. With probabilistic constructs the resolution becomeeslictable up to a point, in that
it is quantified” [9]

We can view this as saying that probabilistic processesagomhore information than nondeter-
ministic processes but less than deterministic proces€emsequently what can be observed in any
single observation of a probabilistic process is the sametad can be observed of the underlying
non-probabilistic process. But by aggregating the obsiemna of a large number of executions we can
compute a probability distribution or verify a previouslyroputed probability distribution.

As T events are built by composing two actions that are obsesv@ld parallel composition, i.e.
synchronization) it would be useful to find some way to coraptle probability of the executable
event from the prior “probabilities” of their observablergsa This we do below in Definition 8.

The addition of probabilities tobservableactions where there i® nondeterminism has proven both
hard to interpret and hard to formalise, especially when aetwo ensure that the models have desirable
properties. One reason, in our opinion, that this has tuonetb be so hard to do is that the probabilities
on the observable actions need, obviously, to define thevimlreof the processes not just in one context
but inall contexts?

2We go no further with this point in this paper, but note thatthe non-probabilistic setting, we have considered this
previously in [10].
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5.3 Nondeterminism

We represent nondeterminism not by a separate set of opetatbby allowing probabilities to be de-

noted not just by real numbers in the range 0 to 1 but also ywedaed terms (in that range) that contain
variables or parameters. This introduces the idea of drgjestate distribution which is not completely

determined or which has undetermined aspects, and hemeesalks to represent nondeterminism with
the same machinery that we introduce for probabilities.

This idea is motivated by the Bayesian view that the more wewkabout a mechanism, the more
certain we can be about the probabilities attached to itaxbetrr: to talk of nondeterministic behaviour
is merely to admit having more or less incomplete informma@tout how something behaves, and this
incomplete information can be represented by having paemsim the terms which denote probabilities.
This also accords with Hoare’s view that nondeterminisreeasrfrom ignoring or hiding (or, we would go
further and say, being ignorant of) some aspects of a pro€esther analysis of the mechanism would
uncover (“unhide”) more of the mechanism. This view diseslmondeterminism; there is no such thing
really, since it is just arises from not knowing (for whatex@ason) enough about the actual distribution
of probabilities amongst actions that might be taken whelmagce is presented or confronted.

5.4 Probabilistic testing semantics

For probabilistic tests all we need change is that the ussrds not just a set of observations but a

probability distribution over a set of observations, hefce™ Act* — R.

The relational semantics of proceAswhen probability distributions are observed is a subset of
= x (Act* — R). If a process is experimented upon (frequentist perspsctind the results noted then
what is observed will be a functioB — (Act* — R) and hence there is no nondeterminism and no
possibility of refinement.

But approaching automata from the Bayesian perspectivee fan define the processes and tests as
prior “probabilistic” automata then we might be able to usghyabilistic parallel composition to compute
the probabilistic relational semantics of the processemnkhe Bayesian point of view, the probabilities
on actions are prior probabilities that, until the actiokepart in an event by being synchronized with
another process along the same action, do not play any rbldo@sly the probability of an unexecuted
action is prior to the probability of an execution—in pantar, not until we factor in the probability
of the synchronizing action do we know (via their product)aivthe probability of the executed event
(denoted byr) will be. So, it is the Bayesian ideas that allow us to makeseei attaching probabilities
to something that has not yet happened, and which will onlg part of what happens.

6 Formalising probabilistic automata

In this section we will formalise the discussion in Sectiof &nd see that automata that contain both
probabilistic and nondeterministic choice are caliedtially probabilistic introduced as parameterised
probabilistic finite automata (PPFA). Here we take what weaethe standard statistical approach and
model nondeterministic choice as probabilistic choicehwihknown probability. So our probabilities
are no longer only real numbers but may also be real-valuedstéparameterised terms, hence the
name) that may contain variables, the unknown probakilitfeutomata where nondeterminism has been
completely replaced by probabilistic choice deterministicprobabilistic finite automata (DPFA).

Definition 5 Parameterised Probabilistic Finite Automata (PPFA ). Let be a finite set of nodes. The
parameterised probabilistic finite automaténis given by the tripléNa, Sa, Ta) where
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1. S is a “starting distribution”, i.e. a parameterised probdly distribution such that doif8a) C
Na, Where doniS,) are the starting states @

2. Ta € {(n,a,d)[ne NaAaeAct' Ad e D}, such that for each g N and ac Act’ there exists
no more than one element of With first component n and second componerdnd recall that
nondeterminism is modelled by a parameter in the range gbithieability distribution d. Finally,
Da is a set of probability distributions over states.

Deterministic Probabilistic Finite Automata (DPFA) are PR with the restrictions that:

1. Theranges of all probability distributions are sets adlrealues, not sets of possibly parameterised
terms, i.e. the elements of the ranges contain no variables;

2. (n,a,d) € Tp impliesa € Act .
O

Let the variablesX, Y be taken from some s#far andX be a list of variables angls be an instanti-
ation of the variables in the list taken from the set of allsimstantiationsts.. We will write A(X) for a
PPFA containing variableX, but where not needed the list of variables will be droppetivaa will write
A. We interpret the variables i(X) as beingglobally boundand take the usuai-congruence of terms
and identify PPFA that differ only by the names of variablesedi Similarly we assume-renaming to
prevent confusion and variable capture when composing BPFA

We write x—>a py for (x,a,d) € Ta Ad(y) = p andx—py whereA is obvious from context. In
addition when we want to talk about a “complete” transitioa, one that has its associated final state

distribution, we writex—-ad for (x,a,d) € Ta.

Definition 6 The probability of the computation following a path, a setresof transitions starting from
a start state s, is the product of the probability of its comgat transitions and the probability of starting
in the start state §(s). Let p be the path£1—>plm1, m1ﬁ>p2mz, e mn,lﬂmnmn. Then the probability

that p is executed is

d(p) L' Sa() x prx pax...pn

and we say that the path p can be observed as tmeeps, 0, . .., Pn.
The probability of observing a trageis the sum of the all probabilities of the computation folilogv
any path that can be observed as trgze

dp)= 5 d(p)
tr(pi)=p

def n
where ti(p) = {p|p =55 p M, M2 My, My 125, Mo}
Writing SAi>p informs us thap is the probability of seeing the tragewhen starting in any of the

start states illom(Sa) and following some appropriate path, iddp) = p. SAi>pn means thap is the
probability of seeing the trage when starting in any of the start statesliom(Sa ) and ending in state.

Definition 7 The probability distribution over complete traces is

D°(A) oef {p— qu |P={g|neNaATM(N) = (D/\SAi>qn}}
g€



94 Refinement for Probabilistic Systems with Nondeterminism

Definition 8 Process operators

Action Prefixinga.B 2 ({8} UNg, {sa — 1}, {Sa—>Ss } UTg) where s is a new state

Internal choiceAr1B %' (NaUNg,Sa 1S, TAUTg) where
(SAaM1SE)(N) =X x Sa(n) if n € domSy) else(1—X) x Sg(n) if n € dom(Sg), whereX is a fresh

parameter, and note that now d¢8a M Sz) = domSy) Udom(Sg).

Probabilistic choiceA &, B def (NaUNg,Sa ®p S5, TAaUTg) Where(Sy ®pSs)(n) = px Sa(n) ifne

domSy) else(1— p) x S(n) if n € dom(Ss), and note that now dofBx ©pSg) = domSy) UdomSg).
We note immediately from this that internal choice is pralistic choice with unknown probability
between the two choices.

External choiceACIB &' (NaUNg \ (dom(Sa) udom(Sg)) Udom(Samg), Sacs, Ta U Te{{SaSs/Sa X
Ss}}) where @og(na,ng) = Sa(na) x Sg(ng) and{{SaSs/Sa x S} } now, of course, uses tld®mains
of the start state distributions in order to build the suhgtons over start states.

Parallel composition:

def
AlpB = (NAHvaSAHvaTAHPB)

NAHPB = NA X NB

Sajpe(Na,NB) = Sa(Na) x S(ng) if Nna € dom(Sy) Ang € dom(Sg)
and Ty g is defined by:
n——ada, M—gdg, xcP
(N, M)~ (Ao Oa x di

N—-ada, (x¢PAMENg) N——gdg, (x¢gPAmEN,)
(n,mM)—(a|pp)da x M (M,N)—>(app)Mx dg
where
daxds E {(xy) > da(x).da(y)|n—ax A M—5y}
and
daxm E' {(x,m) — da(X)|n—ax}
and

mxds & {(my)— ds(y)n—>sy}

Example 2 Consider the PPFAs given by the expressioni®a+p,Q2) and aQq +pa.Q.. Then, assum-
ing the start states, states and transitions gfa@d @ are given by § &, N1, N», T; and T respectively,
we have

aQi+paQe= ({tl,tz} UN7 U Ny, {tl — p,to— 1— p},

{tlédl,tzi)dz‘dl(&) = dz(SQ) = 1} U T1UT2)

a.(Qu+pQ2) = ({t} UNLUNg, {t 5 1},
{t—>d|d(s1) = p,d(s2) =1— p}UTLUT)

In fact, these PPFAs are indistinguishable by testing, ep sine equal (they “refine both ways”) as far as
our testing semantics goes. This result can be generalisgtasprobability distributions on transitions
can always be “migrated” to the starting state distribution
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6.1 Testing of probabilistic processes

Recall from Section 3 that we said in the definition of ouritessemantics for FA that we will ugé|x =

A |In X andOga = TrC. For probabilistic FAs we need to use parallel compositiomf Definition 8 (as
defined for DPFA and PPFA). The observation of a single eiatutf a DPFA is still a trace but what
can be “observed” over many executions is no longer simplgtafktraces but, if we also record the
frequency of occurrence of the traces, a probability diation over the set of traces herogpga = DC.
We treat PPFA similarly and I&pprpa = PPFAandOpppa = D except that now the observed probability
distributions may be parameterised.

Definition 9 The relational semantics of an entity(X) is (whereWs is the set of instantiations for the
parameters irX)

A zppeans £ {(%,0).X € Zppran 0 € Ye(DY((A)]X))) Aty € Wyh

A(X) EEPPFA,DC C(Y) d:ef [[C(Y)]]EPPFA,DC - [[A(X)]]EPPFA,DC

E IOV zorrn0e = AT zrprp 00

Note here that we have given the meaning of PPFAs as a refadimrcontexts (PPFAS) to probability
distributions:

A(X) =ppra C(Y)

[[A(X)]]EPPFNDC C =ppfpa X (ACt* — Real)

by instantiating all the open distributions that might bes@iyed to get plain probability distributions
“with no unknowns”.

Let Cppea def C=ppeabe. That is, we writeCpppa for this general definition of refinement. When
Cppra relates two DPFA processes it is of little interest, i.eréha@re no opportunities for refinement as
there is no nondeterminism (though there are, perhapsabililes).

In Section 7 we will show refinement of PPFA is strongly reddtie refinement of an underlying FA.

6.2 Simple results from the definitions

Theorem 2 Refinement distributes through parallel composition. X,eY, P andQ be arbitrary PPFAs
and let NC Act. Then

XCppraY,P CppraQ
X|nPCppraY [In Q

For an arbitrary PPFR(Y) we have the following theorems.
Theorem 3 M is idempotentP(Y) =ppraP(Y) M P(Y)

Proof: From Definition 8 it can be seen that the grapR@f) "P(Y) consists of two copies of the graph
of P(Y) which ever copy is selected the behaviour is exactly th&(&f). Hence he equality.

Theorem 4 @y is idempotenP(Y) =ppraP(Y) ©p P(Y)

Proof: Similar to Theorem 3.
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7 Relating finite automata to parameterised probabilistic fnite automata

We construct]_]E3¢, an embedding of FA into PPFA and a forgetful mapping from #RFFA, and
then show that these mappings form a Galois connection ketwre refinement relatioriSppra and

CFA.
The embedding _]Epg, of FA in PPFA will map all nondeterministic choices in FA pesses into
probabilistic choice with unknown probabilities in the PRfrocesses.

Definition 10 Semantic mappingb.]Epes and VAR, between finite automata and parameterised
probabilistic finite automat@\p are defined so that:

[(Na,Sa, Ta)Fpra & (Nap; Sap, Tap)

where

and
S E {(X)|sESAAKIS freshh (Zncgoms,,) Stp(M) =1}

Tap = {(n,a,d) [d = {m—v|n-mAvis fresh A (Zmegon(a)d(m) = 1}

The mapping vBg -, from PPFA in to FA forgets all probability distributions:

VAEéFA(NAp, Sap; TAp) = (NA7 SA7TA)

where
Na & Nap
and
Su £ domSs,)
and

Ta = {(n,a,m)|n—54,d Ame dom(d)}

d

The pair of mapping$[_]Eaea VAESE,) define a vertical refinementta ., as they are a Galois con-
nection [10]. This is the content of Theorem 7, but first somadiminary results.

Lemma 1 For any FAsX andY
Tré(X) C Tre(Y) = DS([X]ppra) < D([YIper

Proof (Sketch) The application ¢f]55¢, to a FA simply adds parameterised probabilities spanning
any nondeterministic choice. The set of all possible otz traces iFr¢(X). This is also the set of
all possible observation traces[f]55g, but now what is “observed” is not one trace but any probapbilit
distribution over any subset @(X) (we need to use subset as when the probability of observirara t
is 0 it is no longer in the domain of the distribution).

Henced € D%([X]E8g,) < dom(d) C Tr¢(X). Consequently id € DS([X]5pgs) thendom(d) C
Tr¢(X) and sinceTr¢(X) C Tré¢(Y), from the assumption of the lemma, we further haw@em(d) C
Tre(Y). Thend € D¢([Y]Epga) follows from the argument above within place ofX. .
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Theorem 5 Let X andY be FAs, and let NC Act. Then,

[X{In Y] EéFA: [[X]]EIADFA N [[Y]]EIADFA

Theorem 6 LetX andY be PPFAs, and let NC Act. Then,

VASBEAX [INY) = VAGBEA(X) [In VARBEA(Y)

Definition 11 Deterministic automata.
Detta &' {P|(n-kAN-251 = k=1)A|Sa| = 1}

Detpra = {P|(n-2pkAN-25gl = k=IAp=q=1)A|Sa| =1}

Lemma 2 Results involving deterministic automata.

1. (a) {X € Deta | [X]EBgA} = Detppraand
(b) {Y € Detppra | VAEREA(Y)} = Detea
2. LetA andC be FAs. The\ Cpa C < Vxepet, - TIE([Alx) 2 Tré([Cx)
3. LetA andC be PPFAs. TheA Cppra C < Vxebeppea-DE([Alx) 2 DE([Clx)

Proof (Sketch).

1(a) and 1b) follow from definitions.

Re 2: With non-probabilistic processes and tests, what easblserved when applying a nondeter-
ministic test is the union of what can be observed when apglgach element of the set of deterministic
alternatives (where here we picture, as usual, a nondettini computation as a set of deterministic
ones which covers all the possible choices) and hence:

A EFA C = vXeDetFA.TrC([A]X) 2 Trc([c]x)

Re 3: With probabilistic processes and tests, what can bereodd when applying a probabilistic
test is the distribution, inferred from the test, of what &&nobserved when applying the deterministic
components that the probabilistic choice spans. Henceaf sest processes for PPFA that is sufficient
to establish refinement is the image after applyjiff@sg, to a sufficient set of FA processes, i.e. since
Detrp is sufficient for FA therDetpppa is sufficient for PPFA, hence:

A Cppra C ¢ Vxebeppea-D([Alx) 2 D([Clx)

Theorem 7
VX € FAY € PPFA[X]EpraCrreaY < X Cra VASBEA(Y)

Proof: (Sketch)
It is a well-known result (e.g. [11]) that to prove a Galoisnection it is sufficient to prove for
arbitrary X

VABEA(IXTFRRA) Cra idraX

and for arbitraryy
[VASBEAY ) FPra CrpraidppraY

and in addition to prove both relatiofig| 53, andvAES ., are monotone.
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We can see directly from the definitions ti{a}58 -, adds parameterised probabilities to any nonde-
terministic choice anetASR ¢, forgets this addition hence, for arbitraxy:

epra([XIFpra) =Fa idFaX

which gives our first inequality.

The effect of[VAER-AY]ERrA is to first replace probabilistic choice with nondeternticishoice (by
ignoring probabilities) and then reintroducing probadlgs-with-parameters due to the nondeterminism
and this can be refined, along with other possibilities, batkits original value, which gives our second
inequality.

Re: show]_]ERgais monotoneA Cea C = [A]EREa Srpra [ClEREA

From Definition 3 we havé\ Cea C < Vxez, . Tr¢([Alx) 2 Tr¢([C]x) and asDeta C =pa We also
have

A Cra C  Vxepers Tr([Alx) 2 Tro([Cy) ()

From Lemma 1 we then have

A Cra C = Vxenea-DU([[AIXIEBE) 2 DE([ICIxIFREA)-

Then,

Vxepeta- DY ([[AIxEBEA) 2 DE([[ClxFpe

Vxebetn- D ([[AlFRrA XA, 2 DO ([ICIEReA XA, from Theorem 5
vXeDetppFA DC([[[A]]PPF x) 2 DC([[[C]]PPF x) Lemma 2 part 1(a)
[[AHPPFA CpPFA [[C]]PPFA from Definition 9

4. Re: showASR, is monotoneA Cppra C = VASREpA Cra VAEREAC
FromA Cppra C and definitions we haveiyc=,..,.D([A]x) 2 D([C]x)
asDetppra C =ppraWe have
v><€DEtF>F’FA DC([A] ) = DC([C]X) (2
For alloin Tré(VAEBA([Clx)) there must exist d in D¢([C]y) such thab € dom(d) and from (2) we
know thatd is in DC([A] ) and witho € dom(d) we can conclude thatin Tré(vVAESA([Alx)) so:

YxeDetpra- T (VAEBEA([AlX)) 2 Tré(VASBEA(Clx))

VxeDewera TI(VARBEAA AR, o) 2 Tr(VARBEAC]ata, ) Theorem 5
VxeDeta - TIE([VASREAA]X) 2 Tr°([v F8EaClx) from Lemma 2 part 1(b)
Vxezea- TIC(VASBEAA]X) 2 Tre([VAESEACK) from Lemma 2 part 3
VAEBEAA Cra VAEREAC Definition 3

[ ]
The embedding_]E5¢, can be used to add probability to a non-probabilistic finitoeata during
the stepwise development, i.e. refinement, of a model oiifsgs®n. This use of Galois connections is
nothing new but to the best of our knowledge it is the first tibhes been used to allow the introduction
of probability part of the way through the development of agesss.

8 Conclusions

Others have used the same testing framework to treat pibabprocesses, but in one notable case [9]
it was found that many of the expected algebraic results fedse according to the testing used. This
meant the abandonment of testing as a basis for refinemera aation of simulation was introduced.
We believe that the reason that many of the “sanity checksietiiout to be false for the testing-based
refinement in that paper was that the original formalisatibnondeterminism found in non-probabilistic
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systems was kept and that this led to problems when probtibilests on nondeterministic probabilistic
systems were considered.

Instead of abandoning refinement based on testing, we haodtieterminism in a way that is com-
patible with probability, rather than using the originatrfalisations of testing nondeterminism found in
non-probabilistic systems.

We also note that, having shown we can (as a (vertical) reBnémove from non-probabilistic
models to probabilistic ones (and back again, if we wishg itttroduction of probabilities can happen as
a design steguring development of a system via refinement steps. So, we areoftakd a very general
non-probabilistic specification and, if it turns out to beessary to do so to deal with some aspects of the
specification, introduce probabilities as we make progr@sards a more concrete form of the system.
We have not yet explored this possibility, but it does introgl another freedom to the developer which
might turn out to be useful.

The framework we have introduced in this paper is really arfiyst step towards a sensible language
for specifying systems containing probability. What st#leds to be done is to recognise that some sorts
of probabilistic choice do not “make sense”, i.e. that theeeright and wrong places to use such choice.
For example, if we have a vending machine with two buttonsae,for tea and one for coffee, it clearly
does not make sense to specify the choice here as a protialuitie—the vending machine would be a
very odd one if it allowed me to choose tea only 75% of the time!

On the other hand, it does make sense (though perhaps myediusible uses for such a thing might
be hard!) to specify a robot which can make choices from aingnohachine that offers tea or coffee,
where the robot prefers tea over coffee, so it chooses teao? H#é time.

The difference between these two cases is oneaakality The robot’s actions cause the vending
machine’s, and notice versa So, our specification language would need to allow us to ntlise
distinction and, most helpfully, only allow probabilistiboice to be specified in situations where it makes
sense, as in the case of specifying the robot. We have doviepsevork on adding causality (back) into
process algebras, and the work presented here forms thefbasi probabilistic causal process algebra
(CPA) [12], or for a probabilistic language for interactimenching processes (IBPs) [10] which we have
also talked about before, which forms the subject of angihper yet to be published.

A final interesting point to note is that, because we can atwaigrate probabilities on actions right
up the probabilities on start states, we have a hormal formdoautomata. In this form, the only place
that probabilities appear is on the start states (so theramiytrivial probabilistic distribution over states
is the start-state distribution). This makes it very cldwt bne needs only one roll (of dice with enough
faces) in order to conduct a probabilistic computation.
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The role played by counterexamples in standard system sinasywell known; but less common
is a notion of counterexample in probabilistic systems egfiant. In this paper we extend previous
work using counterexamples to inductive invariant prapsmf probabilistic systems, demonstrating
how they can be used to extend the technique of bounded mbeeking-style analysis for the re-
finement of quantitative safety specifications in the prdlistic B language. In particular, we show
how the method can be adapted to cope with refinements in@inpg probabilistic loops. Finally,
we demonstrate the technique on pB models summarising atepeefinement of a randomised
algorithm for finding the minimum cut of undirected graphsg @hat for the dependability analysis
of a controller design.

Keywords Probabilistic B, quantitative safety specification, refirent, counterexamples.

1 Introduction

The B method [1] and more recently its successor Event-B ¢Bjrises a method and its automation
for modelling complex software systems. It is based on tipedimvn refinement where specifications
can be elaborated with detail and additional features,sivtile automated prover checks consistency
between the refinements. Hoang'’s probabilistic B or pB [X&esion of standard B gave designers the
ability to refer to probability and access to the specifmaf quantitative safety properties.

In probabilistic systems, the generalisation of tradiicsafety properties allows the specification of
random variables whose expected value must always remaiveaome given threshold. Elsewhere
[23, 25] we have provided automation to check this requirgniy analysing pB models using an
automatic translation of their quantitative safety speatfons as PRISM reward structures [14]. Our
technique allows pB modellers to explore the quantitatafety properties encoded within their models
to obtain diagnostic feedback in the form of counterexantfdees in the case that their model does
not satisfy the quantitative specification. Counterexamflecome sets of execution traces each with
some probability of occurring and jointly implying that thpecified threshold is not maintained. More-
over pB’s consistency checking enforces inductive invargaof the quantitative safety property, thus
the counterexample traces also demonstrate specific poitiie models execution where the inductive
property fails.

The paradigm of abstraction and refinement supports stepeigelopment of probabilistic systems
aimed at improving probabilistic results. Unfortunatdty;, quantitative safety specifications (our focus
here), a human verifier has no way of inspecting that thisirement is met even though the automated

*This author acknowledges support from the Australian Commealth Endeavor International Postgraduate Research
Scholarship (E-IPRS) Fund.
This author acknowledges support from the Australian Rese@ouncil (ARC) Grant Number DP0879529.
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prover readily establishes consistency between the refinesn One way to resolve this uncertainty is
to explore algorithmic approaches similar to probabdistiodel checking techniques which can provide
exact diagnostics summarising the failure (if indeed is&sjiof the refinement goal.

In this paper we extend some practical uses of counterexanplprobabilistic systems refinement
with respect to quantitative safety specifications paldicto the pB language. We show how to use them
to generalise bounded model checking-style analysis favglrilistic programs so that an iteration can
be verified by exhaustive search provided that quantit@tivariants are inductive for all reachable states.
We also show how the use of probabilistic counterexampleguantitative dependability analysis can
be used to determine “failure modes” and “critical sets”aththus enables their extension to estimating
components severity.

We illustrate the techniques on two case studies: one basadgmbabilistic algorithm [20] to find
the minimum cut set in a graph, and the other a probabiliggigh for a controller mechanism [11].

The outline of the paper is as follows. In Sec.2 we summatiseunderlying theory of pB; in
Sec.3 we discuss the probabilistic counterexamples wee@redrom the models and a bounded model
checking approach to probabilistic iteration. In Sec.5 Musirate the technique on the specification of
a randomised “min-cut”. We discuss probabilistic diagiusstf dependability in Sec.6 and demonstrate
with a case study in Sec.7. We discuss related work and theriumte.

1.0.1 Notation

Function application is represented by a dot, a.in(rather thanf (x)). We use an abstract finite state
spaceS. Given predicateredwe writeliftpredfor the characteristicfunction mapping states satisfying
predto 1 and to O otherwise, punning 1 and 0 with “True” and “Falespectively. We writ&f’S as the
set of real-valued functions fro® i.e. the set of expectations; and wheneegd ¢ £Swe writee= €
to mean thatvse S es< €.s). We letDSbe the set of all discrete probability distributions o%eand
write Exp.d.e= zg(é.s) x e.sfor the expected value @over Swhered € DSande € &S Finally we

Se

write S* for the finite sequences of states3n

2 Probabilistic annotations

When probabilistic programs execute they make random apdat the semantics that behaviour is
modelled by discrete probability distributions over pbésiiinal values of the program variables. Given
a programProg operating ovelS we write [Prog]| : S— (S— [0, 1]) for the semantic function taking
initial states to distributions over final states. For exbanihe program fragment

pinc £ s=s+1 pP s=s-1 (1)

increments state variabkewith probability p, or decrements it with probability-1p. The semantics
[pInc] for each initial stateis a probability distribution returning or (1— p) for (final) states' = (s+1)
or s = (s—1) respectively. Rather than working with this semanticsdiyewe shall focus on the dual
logical view generalisation of Hoare logic [16].

Probabilistic Hoare logic [22] takes account of the prolistié judgements that can be made about
probabilistic programs, in particular it can express whesdjzates can be established omlith some
probability. However, as we shall see, it is even more general than tapabte of expressing general
expected properties of random variables over the prograta.stVe usékealvalued annotations of the
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Name Prog WyProg.Expt

identity skip Expt

assignment x:=f Expix:= f]

composition Prog; Prog Wp.Prog.(wp- Prog - Exp

choice Prog<1 Gr> Prog WpProg.Expt< G > Wp.Prog .Expt
probability Prog,® Prod WpProg.Expt ,& WpProg .Expt
nondeterminism Prog M Prog Whp.Prog.Exptmin Wp.Prog .Expt
weak iteration it Prog ti vX e (WpProg.X min Expt)

Given a program commarférog and expectatioixptof type &S, Wp.Progis of type&'S— &'S. Note also that we write
Exp ([Prog].s).Exptto meanwp.Prog.Expts.

Figure 1: Structural definition of the expectation transfer-style semantics.

program variables interpreted as expectations; a progrenotation is said to be valid exactly when the
expected value over the post-annotation is at least the gien by the pre-annotation. In detail

{pre} Prog {post , )

is valid exactly wherExp[[Prog]].posts > pre.sfor all statess € S, wherepostis interpreted as a random
variable over final states amale as a real-valued function.
With our notational convention, a correct annotationgdbrc (at (1)) is given by the triple

{pxlift(s=—-1)+ (1—p) x lift(s=1)} pInc {lift(s=0)}, (3)

which expresses the probability of establishing the stat® finally, depending on the initial state from
which pInc executes. Thus if the initial state $s= —1 then that probability ig, but it is (1—p) if the
initial state iss= 1.

Rather than use the distribution-centered semanticsnedtlabove, we shall use a generalisation
of Dijkstra’s weakest precondition &p semantics defined on the program syntax of the probabilistic
Guarded Command LanguagemBCL [22]. The semantics of the language is set out in Fig. 1. As for
standard/Npthis formulation allows annotations to be checked mecladyi§l5, 17]; moreover we see
that annotation (2) is valid exactly whene = Wp.Prog.post

In this paper we shall concentrate on certifying probatiilisafety expressible using probabilistic
annotations. Informally, a probabilistic safety propéastg random variable whose expected value cannot
be decreased on execution of the program. (This idea g&eratandard safety, where tiath of a
safety predicate cannot be violated on execution of therprog Safety properties are characterised by
inductive invariants for example the valid annotatiofExptx liftpred} Prog {Expt} says thaExptis an
inductive invariant forProg provided it is executed in an initial state satisfyipged To illustrate, the
annotation

{s} pinc {s}, (4)
means that the expected valuesa$ never decreased (and it is therefore only valid if 1/2).

Inductive invariants will be a significant component of tkeéimement of quantitative safety specifi-
cations in our pB machines, to which we now turn.
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MACHINE Faulty
SEES Int. TYPE, RealTYPE
CONSTANTS p
PROPERTIES p € REALA p>real(0) A p <real(1)
VARIABLES cc
INVARIANT cceN
INITIALISATION cc:=0
OPERATIONS
OpX £ BEGIN

PCHOICE p OF cc:=cc+1
OR cc:=cc—1 END;
OpY £ cc:=0
EXPECTATIONS real(0) = cc |

END

Bold texts on the left column capture the fields (or clausesuo describe the machine. TREHOICE keyword introduces
a probabilistic binary operator; tHEXPECTATIONS clause expresses the notion of probabilistic quantitaafety.

Figure 2: A simple pB machine.

2.1 Probabilistic safety and refinement in pB

Probabilistic B or pB [15], is an extension of standard B fLl$tipport the specification and refinement of
probabilistic systems. Systems are specified by a collectigpB machinesvhich consist of operations
describing possible program executions, together witkaksée declarations and invariants prescribing
correct behaviour.

The machine set out in Fig. 2 illustrates some key featuréiseofanguage. There are two operations
—OpXandOpY~which can update a variabte. OpXcan either incremerdc by 1 or decrement it by the
same value with probability or (1— p) respectively, whileéOpYjust resets the current value agto 0.

In general, operations can execute only if their precoowtinold. But in the absence of preconditions
as in this case, the choice of which operation to execute gemandeterministically.

The remaining clauses ascribe more information to the bkasa constants and behaviour of the
operations. Declarations are made in the CONSTANTS and YSRES clauses; PROPERTIES and
SEES clauses state assumed properties and context of th@msnand variables. The INVARIANT
clause sets out invariant properties. The expression ilNRFALISATION clause must establish the
invariant and the operatior3pXandOpYmust maintain it afterwards.

We shall concentrate on the EXPECTATIONS cldysehich was introduced by Hoang [15] to
express guantitative invariant or safety properties. Dnenfof an EXPECTATIONS clause is given by

E = Expt, )

where bothE andExptare expectations. It specifies that the expected vallieptshould always bat
least E, where the expected value is determined by the distribudiar the state space after any valid
execution of the machine’s operations, following its @lisation. Hoang showed that this is guaranteed
by the following valid annotations:

IHowever, Hoang [15] showed that another way to check thaabvadueQ is indeed an expectation is to evaluate the
language-specific boolean functierpectatio(Q). Therefore we shall interchangeably use both forms to éemqtectations-
based expressions with no loss of generality.
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{E} init {Exptt and {liftpredxExpt} Op {Expt} , (6)

whereOpis any operation with preconditigoredandinit is the machine’s initialisation. In what follows
we shall refer to (6) as theroof obligationsfor the associated expectations clause (5).

Checking the validity of program annotation, and in patticunductive invariants for loop-free
program fragments can be done mechanically based on the8esnset out in Fig. 1. In some cases the
proof obligation cannot be discharged, and there are twsilplesreasons for this. The first possibility is
thatExptis too weak to be an inductive invariant for the machine’srapens, and must be strengthened
by finding Expt = Exptso that the original safety property can be validated. Therse possibility is
that the machine’s operations actually violate the prdisdioi safety property.

The same reasoning can be extended to refinement of abdbratighines. We note that quantitative
safety specifications in pB can also be refined in the usualwitiyrespect to expectation pairs. Thus
another way of expressing (5) is to say that any program camdrRasatisfies the bounded expectation
pair [E, Expf if execution from its initial state guarantees that

E = WpP.Expt @)

Refinement is then implied by the ordering of program comraaoadhat more refined programs improve
probabilistic results. More specifically, we write

PCQ iff (VEe€ &SWpPE = WpQ.E), 8)

to mean that the program comma@ds a refinement of the program commaRdIn addition we note
that the preservation of an expression like (5) is impliedi®monotoneproperty ofWp.

The refinement of abstract pB machines embedding quamtitsdifety statements is dealt with in the
language framework by introducing the IMPLEMENTATION anBRNES clauses. The former clause
specifies the refinement of an abstract machine specifiegitatter clause. The refinement process is
then aimed at preserving the bounds of expectations in igaal specification statement (the machine
to be refined) so that the validity of an expression like (6) lsa checked mechanically.

Our aim in the next section is to use probabilistic counteneples adopted in model checking tech-
niques to interpret failure of proofs of refinement of probstic machines in the pB language. We
will find that a counterexample is a trace (or a set of traceshfthe initialisation to a state where the
inductive invariant fails to hold after inspecting the EXPEATIONS clause over the refinement.

3 Probabilistic safety in Markov Decision Processes

In abstract term@GCL programs and pB machines may be modelled as a Markov Ded&inress
(MDP). Recall that arMDP combines the notion of probabilistic updates together witme arbitrary
choice between those updates [27]: that combination ofglnititic choices together with nondetermin-
istic choices is present GCL and captures both features.

In this section we summarise pB modeknd their quantitative safety specifications in terms of
MDPs, and show how to apply model checking’s search techniguamtinterexamples to prove quanti-
tative safety as a first step towards generalising standardded model checking verification. Inductive
invariance is then crucial to the application of exhaussitage exploration for the intended goal.

2We note that an abstract pB model begins with the MACHINE layglwhile a refinement is a pB model that begins with
the IMPLEMENTATION keyword.
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Here we consider aNDP expressed as a nondeterministic selecko& Py M ... M Py, of deter-
ministic pGCL programs, where the nondeterminism corresponds to th&agbichoice, and each
corresponds to the probabilistic update for a choic&VhenP is iterated for some arbitrarily-many
steps, we identify aomputation patlas a finite sequence of statgs, s1, S, . .., ) where eachis, s 1)
is a probabilistic transition oP, i.e. §,1 can occur with non-zero probability by executiRgrom s.
Note that the choice (between.On) can depend on the previous computation path since for eeamp
guards for the individual operatiofs must hold for their selection to be enabled.

Standard safety properties identify a set of “safe” statethe-safety property then holds provided
that all states reachable from the initial state under §ipelcstate transitions are amongst the selected
safe states. A generalisation of this for probabilisticteys specifies thresholds on the probability
for which the reachable states are always amongst the sdfsstThe quantitative safety properties
encapsulated by the EXPECTATIONS clause are even moreaedhan that, allowing the possibility to
specify thresholds on arbitrary expected properties. Ex¢ definition sets out the mathematical model
for interpreting general quantitative safety properties.

Since MDPs contain both nondeterministic and probabilistic chote&jng expected values only
makes sense over well-defined probability distributions e-hwed to resolve the nondeterministic choice
in all possible ways to yield a set of probability distrimrs. The next definition sets out a mechanism
for doing just that.

Definition 1 Given a program P, aexecution schedulis a mapd : S* — DS so that].a € [[P].s picks
a particular resolution of the nondeterminism in P to execatter the tracen, where s is the last item
of a. (A more uniform formalisation would give the distributiohinitial states ad1.(); but we prefer
to give initial states explicitly.)

Once a particular schedule has been selected, the redodtivayiour generates a probability distribution
over computation path. We call such a distributioprababilistic computation treesuch distributions
are well-defined with respect to Borel algebras based orrdices.

Definition 2 Given a program P, initial stategsand execution schedule, we define the corresponding
trace distribution(P).s of type S — [0,1] to be

(Pa)-s0-(s)
and (Py)).s.(ass)

1lif s = g5 else0
(Pa])-s0.(as)xO.(as).s

L
L

Computation trees of finite depth generatdistribution over endpointss follows. If we takeK steps
from some initialsy according to the schedulg, then the probability of ending in staseis given by

Plsos 2 T (Ro)soas).

la]=K

General quantitative safety properties are intuitivelgcfied via a numeric threshotsbnd a random
variable Expt over the state spacg the expected value dExptwith respect to any distribution over
endpoints should never fall below the thresheld

Definition 3 Given threshold e and an expectation Exptdle@eral quantitative safeproperty is satis-
fied by the program P if for all schedul&s and K > 0, we have that ExfiPX].Expts, > e.

The probabilistic Computation Tree Logic p€TL [13] safety property, which places a threshold
on the probability that the reachable states always sdtisfjdentified “safe” states is expressible using
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Def. 3 via characteristic expectatidifitsafe However many more general properties are also express-
ible, including expected time complexity [14].

We shall be interested in identifying situations where tregjuality in Def. 3 does not hold. Evidence
for the failure is a (finite) computation tree whose disttitm over endpoints illustrates the failure to
meet the threshold.

Definition 4 Given a probabilistic safety property, a failure tree is defil by a schedulell and an
integer K> 0 such that Exd[PX].Expts < e.

Elsewhere [24] we showed thatBxptis an inductive invariant, then the safety property based on
Exptis implied, provided thae < Exptsy. In fact, given a failure tree, there must be some finite trace
a such that(Py)).s0.(as) > 0 andWp (P 1 skip).Expts < Expts [24]. Thus, as for standard model
checking, we are able to locate specific traces which leatigddilure of the invariant property. We
define a counterexample taductive invarianceas follows.

Definition 5 Given a schedulelr], an expectation Expt and a program P, a counterexample tacitink
invariance safety property is a trad@rs) which can occur with non-zero probability, and such that
WpP.Expts < Expts. A state such as s is a witness to failure.

But note that in practice there will be a number of countemgdas. Our technique is able to iden-
tify them all given any deptK of computation. Next we discuss how the strategy can be égtkio
probabilistic loops reasoning.

3.1 Analysis of loops

We assume a loop of the fortaop = while G do bodyod whereG is a predicate over the program
state representing the loop guabtidyis a probabilistic program consisting of a finite nondeteiistic
choice over probabilistic updates. Our aim in this sectsio igeneralise the technique of bounded model
checking to prove the safety assertion of the form

{e} loop {inv} . 9)

In the case that (9) does not hold there must be a failure Beé 4) to witness that fact, together
with a set of failures to inductive invarianceiof.. We shall be interested in the complementary problem,
in the case that the property does hold. For standard pragtiisican be established by exhaustively
searching the reachable states; any revisiting of a stat@nates the search at that point, so that the
method is complete for finite state programs: either a coex@énple is discovered or all reachable
states are visited, and each one checked for satisfactithe ¢ggualitative) safety property.

The situation is not quite so straightforward for probatiidi programs, and that is because the tech-
nique of exhaustive search does not generalise immedigtejyantitative safety properties. However
via inductive invariants it does. Consider the program whigieetedly sets a variableuniformly in the
set{0,1,2} after the initialisationx := 1, and terminates whenevetis set to 2. In this case we might
like to verify the safety property thate {1,2} with probability at least 12. Expressed as an assertion,
it becomes

{1/2} x:=Lwhile (x=1)do x=01/3® (x=11/,®x=2) od {post} , (10)

wherepost £ {lift(x € {1,2})}. A quantitative inductive invarianestablishing that fact is given by
x/2, expressing the probability that the safety propertyvwsagt satisfied at that state. (Wheis 2 that
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probability is 1, wherxis 1, it is 1/2 and wherx is 0 it is 0.) In fact the property (10) is equivalently
formulated by settingost = x/2, which can be seen as a strengtheningliéf(x € {1,2})}.

Since the triple (10) does indeed hold, no failure treegaxisre generally, in standard model check-
ing and for finite state spaces such a failure to establisiptbsence of a failure tree can be converted
to a proof that the property holds (provided all reachatdéestare examined). For probabilistic systems
however, it is not clear when to terminate a state explanasmceExp. [body |.x/2 steadily approaches
1/2 from above (where het@odyis taken to be the guarded loop body of (10)). However we ceover
the termination property even for probabilistic systemddmking at inductive invariants, as the next
lemma shows.

Lemma 1 Let P be a probabilistic program operating over a finite stafgce S; let gbe the initial
state. If for all states s, reachable frorg snder executions via P, the inductive invariance property
WpP.inv.s > inv.s holds, then Ex@Pé]].inv > inv.5 for all K and schedules].
Proof 1 (Sketch) We use proof by induction on K.

When K= 1 we note that ExP} ]).inv > inv.s is a consequence of the assumption since [[Bég.inv >
WpP.inv.s.

For the general step, we observe similarly that EJRS ].inv > Exp [PK].(Wp.Pinv). The result
follows through monotonicity of the expectation operator.

Lem. 1 implies that we can use exhaustive search to verifyitifative safety properties using in-
ductive invariants and exhaustive state exploration. Baech terminates once all reachable states have
been verified as satisfying the inductive property. In theeoaf (10), using/2 for the invariant, each
of the three states satisfies the inductive property. Nexsuvemarise a prototype tool framework for
locating and presenting counterexamples.

4 Automating counterexamples generation

YAGA [25] is a prototype suite of programs for inspectingedgfspecifications of abstract pB machines
and their refinements. Importantly, it allows a pB machingiglger to explore experimentally the details
of system construction in order to ascertain the cause(@llafe of a pB safety encoding as in (5).

YAGA inputs a pB machine or its refinement violating a specsiédety property expressed in its
EXPECTATIONS clause, and generates its equivalent MDResgitation in the PRISM language [14].
PRISM is a probabilistic model checker that permits pB medslMDPs in the tool framework and thus
can investigate critical expected values of random vagghbk “reward structures” — a part of PRISM’s
specification language. PRISM can then be used to exploredimputation ofExp.[PX].Expts for
values ofK > 0, and thus (modulo computing resources) can determinevaltK for which the ex-
pectations clause fails. If suchkais discovered, YAGA is able to extract the resultant failtree as
an “extremal scheduler” that fails the inductivity test.eléxtremal scheduler is a transition probability
matrix which gives a description of the best (or worst-catgrministic scheduler of the PRISM repre-
sentation of an abstract ‘faulty’ pB machine i-e. one whose probability (or reward) of reaching a state
where our intended safety specification is violated is makifor minimal).

Finally, YAGA analyses the resultant extremal schedul@rgialgorithmic techniques set out in [24]
and generates ‘the most useful’ diagnostic information posed of finite execution traces as sequences
of operations and their state valuations leading from ti@irstate of the pB machine to a state where
the property is violated. Details of the underlying theofyYBGA, its algorithms and implementation
can be found elsewhere [25, 24]. In the next section we dsspractical details on how to use exhaustive
search of pB machines to verify compliance of inductivity finite probabilistic models.
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IMPLEMENTATION contractionimp

REFINES contraction

SEES Bool-Type, IntTYPE, RealTYPE
OPERATIONS

ans«— contraction (NN) £ VAR nnIN
nn:=NN;ans:=TRUE

WHILE (nn> 2)DO
ans+— merge(nn,ans);
nn:=nn-1
VARIANT  nn
INVARIANT nne NAnn<NNA2 < nnAanse BOOLA
expectatiofifrac(2,nnx (nn—1)) x liftang
END;
END

Figure 3: A pB refinement of the contraction specificationhef Mincut algorithm.

5 Case study one: min-cut

We discuss one of Hoang’s pB models [15]: a randomised solut finding the “minimum cut” in an
undirected graph. The probabilistic algorithm is origipalue to Karger [20]. We also report experi-
mental results after running our diagnostic tool.

Let an undirected graph be given by, E) whereN is a set of nodes arfd is a set of edges. The
graph is said to bdisconnectedf N is a disjoint union of two nonempty seltf, N; such that any edge
in E connects nodes iNp or Np; a graph isconnectedf it is not disconnected. Autin a connected
graph is a subset’ C E such that(N,E\E’) is disconnected; a cut is minimal if there is no cut with
strictly smaller size. Cuts are useful in optimisation peofis but are difficult to find. Karger’s algorithm
uses a randomisation technique which is not guaranteed daHa minimal cut, but only with some
probability. The idea of the algorithm is to use a “contratistep, where first an edgsconnecting two
nodes(ng,ny) is selected at random and then a new graph created from th®y dtderging” n; andn;
into a single nod@;»; edges in the merged graph are the same as in the origindl graept for edges
that connected eithem, or ny. In that case i{n;,a), say was an edge in the original graph thiegp, a)
is an edge in the merged graph. We keep merging while the nuofb®des is greater than 2. The
specification of the merge function for an initial number ofleasNN is such that

ans<— merge(nn,aa) £ nnc NNAaac BOOL| ans:= (false <oym® 9).

It expresses that with a probability of at mogin®, the minimum cut will be destroyed by the contrac-
tion step. Otherwise the minimum cut is guaranteed to bedou@ontraction satisfies an interesting
combinatorial property which is that if the edge is choseifoumly at random from the set of edges
then the merged graph has the same minimum cut as does thegathggaph with probability at least
2/(NN(NN-1)). Although this probability can be small, it can be amplifigdrepeating the algorithm
to give a probability of assurance to within any specifieéshold.

The pB implementation in Fig. 3 sets out part of the refinenséy for the min-cut algorithm. The
refinement describes an iteration wherenergefunction is called to perform the contraction described
above. The result of a call to merge is that the number of nodeee graph (given by the variabte)
is diminished by 1 and either the original minimum cut is presd (with probability mentioned above),
or it is not; the Booleamnsis used to indicate which of these possibilities has beesctal.
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—o- Correct

-=- |ncorrect

Minimum probability to find a mincut

3 4 5 6 7 8 9 10
Number of nodes, NN

Figure 4: Graph comparing the probabilities to find a minfouthe correct and incorrect implementa-
tions of the contraction specification of the mincut aldorit The incorrect implementation is where we
have introduced a high probability in the left branch of therge operation thus forcing the varialbdms

to becomdalse often.

*kkkxxk Starting Error Reporting for Failure Traces located on step 2 *kkkkkkxx
Sequence of operations leading to bad state ::>>>
[{INIT} (3,true), {Skip} (3,true)
Probability mass of failure trace is:>>>> 1
Fokkokokkkkkkkk Finished Error Reportingiksskskskokskkskskskskokkk

Figure 5: Diagnostics detailing a failure of the inductive invariarat the implementation step (fofN = 3) involving the
merge operation. Note that this is a counterexample since theutioecof the merge operation will result in an endpoint
distribution which yields a decreased expectation (seeSpefThat is, there is a witness(nn = 3, ans= true) such that
Wpmerge2/(nn(nn—1)).s=1/12 < 2/(nn(nn—1)).s= 1/3. Note that every trace component of the counterexample is
marked with a pair which denotes the state valuations of thgram variables occurring in the EXPECTATIONS clause, in
this casertn, ang.

Here we use thexpectatiof..) function to check that the expressibftansx 2/(nn(nn—1)) simpli-
fies to an inductive property; that is, that the probabilityeserving the minimum cut should always be
at least 2(nn(nn—1)) while ansremainstrue, but is 0 ifansever becomefalse. Note that if this prop-
erty holds then we are able to deduce exactly that the ovamrallability that the original minimum cut
is preserved when the graph is merged to one of 2 nodes isebeetitally predicted ANN(NN-1)).

Next we describe bounded model checking style experimerdadlyse the refinement.

5.1 Experiments for min cut
5.1.1 Counterexample diagnostics

In our first experiment we introduce an erfdn the design of thenergefunction. The graph depicted in

Fig. 4 shows a failure to preserve the expected probabiligshold of the mincut algorithm. Specifically
the graph shows that the probability falls beloA(l@N(NN—1)). An examination of the resultant failure

tree produces the counterexample depicted in Fig. 5. Itlgleaveals a problem ultimately leading to a
witness after executing thraerge operation.

3We set the probability of choosing the left branch in the reesgecification to be “at most” 3/4 so that the new specificatio
becomesns:= (false <, aa)
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PRISM model checking results for mincut algorithm for vaiynode sizes

NN | States, transitions| Probability to find a mincut | Duration (secs)
10 72517,128078 22222 E-1 18.046
50 412797,732718 8.1633 E-4 131.363
100 | 797647,1416518 2.0202 E-4 277.605

Table 1: Performance result of inductive invariance chegkor mincut

5.1.2 Proof of correctness for small models

In the next experiment we fix the error in theerge function and attempt a verification of mincut for
specific (small) model sizes. In particular, we use YAGA tedhthat the EXPECTATIONS clause
satisfies the inductive property for all reachable statdse fesult is shown in Table 1. It depicts the
various sizes of the PRISM model relative to the number oesdiN of interest of the original graph.

6 Probabilistic diagnostics of dependability

In this section we investigate how the use of probabilistierierexamples can play a role in the analysis
of dependability, especially in compiling quantitativeginostics related to specific “failure modes”.

We assume a probabilistic model of a critical system, andha# sse the notation and conventions
set up in Sec.3. In addition, we shall reserve the syrbfur a special designated state corresponding
to “complete failure”; in the case that a system completalisf(i.e. enters th& state) we shall posit
that no more actions are possible. In the design of depemdgbtems, one of the goals is to understand
what behaviours lead to complete failure, and how the dasigible to cope overall with the situation
where partial failures occur. For example, the design ofstlstem should be able to prevent complete
failure even if one or more components fail. Regrettablype@ombinations of component failures will
eventually lead to complete failure — those combinatioesigually referred to dailure modesIin such
cases, dependability analysis would seek to confirm thaktlegant failure modes were very unlikely to
occur and also, to produce some estimate of the time to coenjaldure once the failure mode arose.

We first set out definitions of failure modes and related cpteceelative to an MDP model. In the
definitions below we refer t8 as an MDP, witlF a designated state to indicate “complete failure”, such
that the annotatiofF } P {F } holds. Lety be a predicate over the state space @ardsequence of states
indicating an execution trace Bf We define the the path formudap to be (¢@).a = true if and only if
there is some > 0 such thatr.n satisfiesp, corresponding to the usual definition of “eventuality” 13

Our next definition identifies a failure mode: it is a predicathich, if ever satisfied, leads to failure
with probability 1. We formalise this as thmonditional probability i.e.that F occurs given that the
failure mode occurs. We use the standard formulation foditimmal probability: if u is a distribution
over an event space, we writeA for the probability that everA occurs angu.(A | B) for the probability
that eventA occurs given that evei occurs. It is defined by the quotient(AAB)/u.B.

Standard approaches for dependability analysis largghorethe failure mode and effects analysis
or (FMEA) [18] for identifying a “critical set” — the minimaset of components whose simultaneous
failure constitutes a failure mode. Next we shall show hoebpbilistic model checking can be used to
generalize this procedure.

Definition 6 Let P be an MDP and lefl be a scheduler; we say that a predicgi®ver the state space
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is a failure mode forf] if the probability that F occurs given tha ever holds isl:
[PA]-s0.(oF | 09) = 1,

where we write ExfiPK]).s.(oF | o @) as the conditional probability over traces such that F isgieable
from the initial state g given thate previously occurred. We say thatdefines a critical set ifp is a
weakest predicate which is also a failure mode.

Given the assumption that once the system enters thesstaitsan never leave it, Def. 6 consequently
identify states of the system which certainly lead to failur

Once a critical set has been identified, we can use prob#bdisalysis to give detailed quantitative
profiles, including the probability that it occurs, and eettes of the time to complete failure once it has
been entered. The probability that a critical ¢atccurs for a schedulér is given byExp.(|P5).(c@).
The next definition sets out the basic definition for meagutire time to failure — it is based on the
conditional probability measured at various depths of thexetion tree.

Definition 7 Let P be an MDP[ a scheduler and let K refer to the depth of the associatedugioec
tree. Furthermore letp be a critical set. The probability that complete failure racurred at depth K
given thatg has occurred is given by:

[P]-50.(oF | ©9) .

Thus even though a failure mode has been entered, the anaedysdetermine the approximate depth of
computatiork < K before complete failure occurs.

6.1 Instrumenting model checking with failure mode analyss

In this section we describe how the definitions above cand&lesesl within a probabilistic model check-
ing environment in order to identify and analyse particalambinations of actions that lead to faildre.

6.1.1 Identification of failure modes

The first task is to interpret Def. 6 as a model checking problthis relies on the calculation abndi-
tional probabilitieswhich is not usually possible using standard techniquesveder, adopting the more
general expectations approach — instrumented as rewadtgtes of MDPs — we are able to compute
lower bounds on conditional probabilities after all.

Lemma 2 Let P be a pGCL program and a scheduler, XC are predicates over S, amdis a real
value at leasD. Starting from an initial statees the following relationship hold3.

Exp[[Po].So.(lift(CAX) — Ax[iftC) > 0 iff Exp.[Pa].S0.(X |C) > A .

Proof 2 Follows from linearity of the expectation operator and thedidition of conditional probability
as Exp[[P1].s0./ift(C A X) /Exp.[P1]-%o./iftC provided that C has a non-zero probability of occurring.

“Note that YAGA computes probabilities over endpoints rathan over traces, thus we assume that failure modes can be
identified by entering a state which persists according t ®€eThese will be deadlock states of the MDP being analysed.
5This expression may be generalised to allow for non-detdsmi: Exp[P].so.(lift(CAX) — AxliftC) >
0 iff [Pg].s0.(X|C) > A, for any schedulefl. Note also that if C does not hold with a non-zero probabiitgn this
definition assumes that the conditional probability id dffined and is maximal.
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Figure 6: An embedded control system.

From Lem. 2 we can see that (puttidg= 1) if Exp[[Ps].s0.(lift(CA X) — liftC) > 0 then the
conditional probabilityExp[P1].s.(X | C) = 1. On the other hand, we can verify the expression
Exp.[P1].s0-(lift(C A X) —iftC) > 0 directly using YAGA's output. Thus the following steps swarise
our proposed method for failure mode analysis.

(a) Use YAGA to identify a failure tree consisting of traceligh terminate irf-.

(b) From the failure tree identify candidate combinatiohswentsC which correspond to traces termi-
nating inF.

(c) Using YAGA's output, verify that the candidate combioat C are indeed failure modes by evalu-
ating the constrainExp.[P5].o. (lift(C A X) — liftC) > Oi.e. after settingh = 1.

(d) Compute expected times to failure for the identifieduf@lmodes.

In the next section we shall illustrate this technique onsecudy of an embedded controller design.

7 Case study two: controller design

Here we show how YAGA can be used to provide important diatigzed$eedback to a pB developer
summarising the failure the EXPECTATIONS clause in a pB nraehefinement. We incorporate the
key dimensions of systems dependabilityavailability — the probability that a system resource(s) can
be assessedeliability — the probability that a system meets its stated requirensafiety— expresses
that nothing bad happens.

The design in Fig. 6 is originally based on the work by Gudemand Ortmeier [11]. It consists of
two redundant input sensors (S1 and S2) measuring somesigmatl (1). This signal is then processed
in an arithmetic unit to generate the required output si¢@al Two arithmetic units exist, a primary unit
(A1) and its backup unit (A2). Al gets an input signal fromtb&1 and S2, and A2 only from one of
the two sensors. The sensors deliver a signal in finite iaterfbut this requirement is not a key design
issue since we assume that signals will always be propagaliedl produces no output signal, then
a monitoring unit (M) switches to A2 for the generation of théput signal. A2 should only produce
outputs when it has been triggered by M.

An abstract description of the behaviour of the controlecaptured in the specification of Fig. 7.
The reliability of the system is given by the real valugwe encode this in the safety specification within
theexpectatiof.) function. State labelsg= 2 andsg= 3 denote signal success and failure respectively.
Otherwise state labetgy= 0 andsg= 1 respectively denote idle state and signal in transit.
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MACHINE SignalTracker fhaxtimeslp, s2p,alp,a2p,mp

SEES Int_-TYPE, RealType

CONSTRAINTS maxtimec N A slp,s2p,alp,a2p,mpe REALA slp,s2p,alp,a2p,mp:< real(0)..real(1)
CONSTANTS rr

PROPERTIES rr € REALATr > real(0) Arr <real(1)

OPERATIONS

L

sgout«— sendsignal
PRE expectatiofreal(rr)) THEN
ANY sgWHERE
sg> 0Asg< 3Aexpectatioflift(sg= 0V sg= 1) x real(rr) +lift(sg= 2))

THEN
sgout:= sg
END;
END;
END

Figure 7:Again we use thexpectatiof.) function to specify that states whesg= 0(or1) are worth the system
reliability rr; states wheresg= 2 are worth 1 and states whesg= 3 are worth 0. This encoding is a safety
property for thesendsignabperation and must be preserved by any refinement of theagbstachine.

7.1 Refining the controller specification

Here we provide an implementation of the controller by refinihe abstract specification in Fig. 7. We
also show how to adapt the stand&tyle modelling of timing constraints [7, 6] to pB models.eW
use the EXPECTATIONS clause of the fogqrs p x lift(s# F) L liftsuccesswhich captures the idea
that the probability of reaching the “success” state shaxiceed the given threshotfl Herepis a
parameter which could vary over the state, but which shautally be at least the value af. Observe
thatF denotes a state where signal is lost.

But before we do this, we assign individual availability tngponents of the controller and include
the information in the CONSTANTS clause of their abstracthi@e descriptions. The implementation
of the controller as well as the abstract descriptions ofdgtmponents are in the Appendix. In the next
section, we show how to perform dependability analysis erctimtroller after setting all the components
availability to 95%(slp = s2p = alp = a2p = mp= 0.95). To do this, we use YAGA to provide an
equivalent MDP interpretation of the refinement in the PRISMjuage. This then permits experimental
analysis of the refinement and hence generation of systegnabéics to summarise the process.

7.2 Experiment 1: identification of critical sets

Step 1.

We set the parametetgp := 1 in the expression = p x lift(s# F) U liftsuccesgo identify all
failure traces for chosen values of the components avhilabitig. 8 lists three of the failure traces (out
of a total of 5) relevant to our discussion, resulting in a mmaxn probability of failure of 0.0025 after
the 6th execution time stampe. maxtime= 6.

Step 2: From inspection of the above traces we notice that the &aidfiAl andM enables us to identify
them as potential candidates for the construction of oticatiset.

Step 3: We verify that their failure will indeed result in overallifiare by examining the value of the
expectationift(F AALAM) — lift(ALAM).

For candidates such as Al and M, we use the diagnostic tracesculate the conditional probabili-
ties as in Def. 6. To do this we extract all the traces whichltes F and then examine the variations of
the component failures in the traces to identify those whimiiesponded to a failure configuration.
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*xxxx Starting Error Reporting for Failure Traces located on step 6 **¥x*x*

Sequence of operations leading to bad state ::>>>
[{InIit}+ (1,0,0,0,0,0), {Sensor2Action} (1,0,1,0,0,0),
{PrimaryAction} (1,0,1,2,0,0), {MonitorAction} (1,0,1,2,0,2),
{Skip} (1,0,1,2,0,2), {SensoriAction} (1,2,1,2,0,2), {SendSignal} (3,2,1,2,0,2)]
Probability mass of failure trace is:>>>> 0.00012

Sequence of operations leading to bad state ::>>>
[{INIT} (1,0,0,0,0,0), {Sensor2Action} (1,0,2,0,0,0),
{Sensori1Action} (1,1,2,0,0,0), {PrimaryAction} (1,1,2,2,0,0),
{MonitorAction} (1,1,2,2,0,2), {Skip} (1,1,2,2,0,2), {SendSignal} (3,1,2,2,0,2)]
Probability mass of failure trace is:>>>> 0.00012

Sequence of operations leading to bad state ::>>>
[{I~itr (1,0,0,0,0,0), {Sensor2Action} (1,0,1,0,0,0),
{PrimaryAction} (1,0,1,2,0,0), {MonitorAction} (1,0,1,2,0,2),
{skip} (1,0,1,2,0,2), {SensorlAction} (1,1,1,2,0,2), {SendSignal} (3,1,1,2,0,2)]
Probability mass of failure trace is:>>>> 0.00226

kxkkkxkxkkxx*k Finished Error Reporting L. kskokokokok ok ok ok ok 3k k ok ok k

Figure 8: Diagnostic feedback revealing single traces at endpoattadsility distributions (after setting parameter
maxtime= 6) corresponding to the failure of the controller to deligaroutput signal. Note that the state tuple in
this case is given bysf, s1, s2, al, a2,m).

The results were unsurprising and included for exampl@tifyéng that a simultaneous failure of the
primary unitAl and the backup monitdi. On the other hand, once tp8 modelling was completed, the
generation of the failure traces was automatic improvimgctimfidence of full coverage. To illustrate this
point, a programming mistake was uncovered using this arsalyhereAl was mistakenly programmed
to extract a correct reading only if it received signals frioath sensors, rather than from at least 1.

7.3 Experiment 2: investigating time to failure

This experiment investigates the time to first occurrencéaibdire given a particular critical set. In
fact, the results show that members of the set of interesnded critical after verifying their overall
conditional probabilities of failure. In summary, for exal®, a failure tree corresponding to depth- 6
yields distributions over endpoints traces whose compisrane to failure is shown in Table 2.

8 Related work

Traditional approaches for safety analysis via model eggion rely on qualitative assessment — ex-
ploring the causal relationship between system subconmg®ne determine if some types of failure or
accident scenarios are feasible. This is the method layeigloyed in techniques like the Deductive
Cause Consequence Analysis (DCCA) [26], which providesreigdisation of the Fault Tree Analysis
(FTA) [19]. Other Industrial methods that support this kiofdanalysis also include the Failure Modes
and Effects Analysis (FMEA) [18] and the Hazard Operabiityidies (HAZOP) [8]. But the efficiency
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Identifying critical components time to first failure
Critical Componentg Time step to first failure] Maximum probability of failure
S1,S2 2 steps 2.5000 E-3
Al, M 3 steps 2.4938 E-3
Al, A2 4 steps 2.4938E-3
Al, S2 3 steps 2.4938 E-3

Table 2: Maximum probabilities of failure are computed with resptecendpoint distributions of failure traces
(Fig. 8) and conditional probabilities are given by Def. 6.

of these techniques is largely dependent on the experidribeio practitioners. Moreover, with prob-
abilistic systems, where an interplay of random probatfslispdates and nondeterminism characterise
system behaviours, such methods are not likely to scaleciedigewith the dependability analysis of
industrial sized systems.

The use of probabilistic model-based analysis to explopedéability features in systems construc-
tion has recently become a topical issue [21, 10, 11, 3]. Caetey achieve this is to use probabilistic
counterexamples [12, 4, 5] which can guarantee profilegingfthe desired propertiye. after visiting
the reachable states of the supposedly ‘finite’ probalgilisiodel.

What we have done here is to show how a similar investigatnbe achieved for the refinement of
proof-based models by taking advantage of the state exigortacility offered by probabilistic model
checking. Our method is very precise since it can guarahtegaal of refinement — improving proba-
bilistic results. However, if this does not hold then we askedo provide exact diagnostics summarising
the failure provided that computation resources are nateca

9 Conclusion and future work

This paper has summarised an approach based on model ¢xpidoa the refinement of proof-based
probabilistic systems with respect to quantitative saggtgcifications in the pB language. Our method
can provide a pB designer with information necessary to njatgements relating to dependability
features of distributed probabilistic systems. We havewshiwow this can be done for probabilistic loops
hence generalising standard models.

Even though most of the failure analysis conjectured hdraire been based on intuition, it should
be mentioned that a more interesting investigation wouldobexplore the use of constraint program-
ming techniques to support full coverage of probabilisgistem models. This will enable us target larger
refinement frameworks as in [9] where probability is not eatly being supported.

Acknowledgement: The authors are grateful to Thai Son Hoang for assistandethét pB models of
the embedded controller. We also appreciate the anonymeeigsvers for their very helpful comments.

References

[1] J. R. Abrial (1996):The B-Book: Assigning programs to meani@ambridge University Press.

[2] J.R. Abrial (2009):Modeling in Event-B: system and software engineering. feeap Cambridge University
Press. Available @ittp://www.event-b.org.



Ukachukwu Ndukwu and Annabelle Mclver 117

[3] H. Aljazzar, M. Fischer, L. Grunske, M. Kuntz, F. Leitn&rS. Leue (2009):Safety analysis of an airbag
system using probabilistic FMEA and probabilistic cousteamples In proceedings of QEST'09, pp. 299—
308, doi10.1109/QEST.2009.8.

[4] H. Aljazzar & S. Leue (2009)Generation of counterexamples for model checking of Mabkesision Pro-
cesseslIn proceedings of QEST'09, pp. 197-206, d0i:1109/QEST.2009. 10.

[5] M. E. Andrés, P. D’ Argenio & P. v Rossum (2009%ignificant diagnostic counterexamples in probabilistic
model checkingln proceedings of HVC'08. Lecture Notes in Computer Sc&ebi894, pp. 129-148, dab .
1007/978-3-642-01702-5_15.

[6] M. Butler (2009): Using Event-B refinement to verify a control strateghechnical Report, University of
Southampton, United Kingdom.

[7] D. Cansell, D. MYy & J. Rehm (2006)Time constraint patterns for Event-B developméntproceedings
of B'07. Lecture Notes in Computer Science 4355. Springer1g0-154, doi0.1007/11955757_13.

[8] Chemical Industries Association Limited, London (138CIA.: A guide to hazard and operability studies.
[9] : Deploy. Available athttp://www.deploy-project.eu/.

[10] L. Grunske, R. Colvin & K. Winter (2007 )Probabilistic model checking support for FMEk proceedings
of QEST'07, doi10.1109/QEST.2007.18.

[11] M. Gudemann & F. Ortmeier (2010probabilistic model-based safety analydis proceedings of QAPL'10.
EPTCS 28, pp. 114-128, do.4204/EPTCS . 28.8.

[12] T. Han, J.-P Katoen & B. Damman (20093 .ounterexamples generation in probabilistic model chegki
IEEE Transaction on software engineer82{2), pp. 241-257, ddi0.1007/978-3-540-71209-1_8.

[13] H. Hansson & B. Jonsson (19944 logic for reasoning about time and reliability Formal Aspects of
Computings(5), pp. 512-535, dain. 1007 /BF01211866.

[14] A. Hinton, M. Kwiatkowska, G. Norman & D. Parker (2006PRISM: A tool for automatic verification of
probabilistic systemdn proceedings of TACAS'06. Lecture Notes in Computer 8¢c&3920. Springer, pp.
441-444,doit0.1007/11691372_29.

[15] T. S. Hoang (2005)Developing a probabilistic B-Method and a supporting tdaolRh.D. thesis, University
of New South Wales, Australia.

[16] C. A.R. Hoare (1969)An axiomatic basis for computer programmir@ommunications of the ACM2(10),
pp. 576-580, doi.0.1145/357980.358001.

[17] J. Hurd (2002):Formal verification of probabilistic algorithms.Ph.D. thesis, University of Cambridge,
United Kingdom.

[18] Internatinal Electrotechnical Commission, Genev@88): IEC International Standard 812: “Analysis tech-
niques for system reliability: procedures for failure mael effect analysis

[19] Internatinal Electrotechnical Commission, GenevA9(): International Standard IEC 1025: Fault Tree
Analysis (FTA).

[20] D.R. Karger (1993)Global min-cuts in RNC, and other ramifications of a simple4mit algorithm In pro-
ceedings of fourth annual ACM-SIAM symposium on discreggpathms. pp 21-30, Austin, Texas, United
States.

[21] M. Kwiatkowska, G. Norman & D. Parker (2007 ontroller dependability analysis by probabilistic model
checking Control Engineering Practice5(11), pp. 1427-1434, daD.1016/j.conengprac.2006.07.
003.

[22] A.K. Mclver & C.C. Morgan (2004):Abstraction, refinement and proof for probabilistic systerivono-
graphs in Computer Science. Springer Verlag.

[23] U. Ndukwu (2009)Quantitative safety: linking proof-based verificationfwihodel checking for probabilis-
tic systemsin proceedings of QFM’'09. EPTCS 13, pp. 27-39, tloi4204/EPTCS.13.3.



118 Model exploration and analysis for quantitative safetynefient in probabilistic B

[24] U. Ndukwu (2010): Generating counterexamples for quantitative safety djpations in probabilistic B
Accepted for inclusion in the journal of logic and algebraiogramming.

[25] U. Ndukwu & A.K. Mclver (2010):YAGA: Automated analysis of quantitative safety specificatin prob-
abilistic B. In proceedings of ATVA'10. Lecture Notes in Computer Scer252. Springer, pp. 378-386,
doi:10.1007/978-3-642-15643-4_31.

[26] F. Ortmeier, W. Reif & G. Schellhorn (2008peductive cause-consequence analysis (DCG¥)roceedings
of IFAC World Congress, Elsevier.

[27] M.L. Puterman (1994)Markov Decision ProcesseWiley.



Ukachukwu Ndukwu and Annabelle Mclver 119

Appendix
MACHINE Clock (maxtime
CONSTRAINTS maxtimec N
VARIABLES time action
INVARIANT timee NAactione NAtime> 0Atime < maxtime
INITIALISATION time action:= 0,0
OPERATIONS
timeout«— initClock £ BEGIN

action:= 0 || timeout:= 0
END;
timeout«— clockActior{label) =

PRE label € N Atime < maxtimeTHEN

BEGIN
action:= label || time:=time+ 1

END;

END;

timeout:=time

END

Figure 9:The specification of the discrete Clock is such that whenameaction due to the components or even
a Skip action fires, time is incremented while also marking the Bjgeaction. We use the action variable as a
marker to abstract the identification of the operations tining the the diagnostic traces (See Fig. 8).

MACHINE Cmp p)
SEES RealTYPE
CONSTRAINTS cpe REALA cp>real(0) Acp <real(1)
OPERATIONS
cout<— componentaction®  PCHOICE cp OF
cout:=1
OR
cout:=2
END;

END

Figure 10:Here we model an abstract stateless machine for componéhtsimilar behaviours. Later on, we
shall use pB’s IMPORT clause to clone Sensorl, Sensor2,aylgmit, Monitor and Backup Units via variable
renaming. The specification of the abstract Cmp machinedk that it can probabilistically either respond to a
signal requestcout = 1[active) or it fails to do so(cout= 2[dead) . The probabilitycp is a paremeter of the
machine and specifies the availability of the component.
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MACHINE SignalProcesslp, s2p,alp,a2p,mp

CONSTRAINTS slp,s2p,alp,a2p,mpe REAL A slp,s2p,alp,a2p,mp:< real(0)..real(1)

INCLUDES Sensorl.Cmp(slp), Sensor2.Cmp(s2p), PrimaryUnit.Chpp(a
BackupUnit.Cmp(a2p), Monitor.Cmp(mp)

VARIABLES sl,s2,al,a2,m

INVARIANT sl,s2,al,a2,m e NAsl,s2,al,a2,m:: [0,2]

INITIALISATION sl,s2,al,a2,m:=0

OPERATIONS

label +— action £

SELECT s1=0THEN

sl +— Sensot.componentaction| label := 1
WHEN s2 =0 THEN

s2 +— SensoR.componentaction| label := 2
WHEN al=0Asl=1THEN

al «+— PrimaryUnit.componentactiof label := 3
WHEN al=0As2=1THEN

al «— PrimaryUnit.componentactiof| label := 3
WHEN al =2 THEN

m<— Monitor.componentaction| label := 4
WHEN m=1THEN

a2 «— BackupU nitcomponentaction| label :=5
ELSE label := 6

slout, s2out, alout, a2out, mout «— getState£ BEGIN slout,s2out,alout,a2out,mout := s1,s2,al,&ND;
END

Figure 11:The nondeterministic behaviour of the components is sgekifi this machine. An individual compo-
nent can probabilistically respond to a signal request Hinggts state value to 1 or 2 denoting ‘active’ and ‘dead’
respectively, after leaving the initial state with valugi@lé’).

IMPLEMENTATION SignalTrackerlfhaxtimeslp, s2p,alp,a2p,mp)
REFINES SignalTracker
SEES RealTYPE, IntTYPE
IMPORTS SignalProcesslp,s2p,alp,a2p,mp), Clock(maxtimé
OPERATIONS
sgout«— sendsignal £ VAR sg, s1, s2, al, a2, m|N
t < initClock;

WHILE (t < maxtim@ DO
act «— actiort «— clockActiorfact);
sl,s2,al,a2,m <— getState

IF (a2=1) A(s2= 1) THEN

sg:=2;

ELSIF (al=1)A(sl=1) THEN
sg:=2;

ELSIF (al=1)A(s2=1) THEN
sgi=2;

ELSE
sg:=3;

END;

sgout:= sg

INVARIANT  sl,s2,al,a2,mt € N Asl,s2,al,a2,m:: [1,2] Asg:: [0,3] A t < maxtime
EXPECTATIONS real(rr) = (lift(sg=0Vvsg= 1) xreal(rr) + lift(sg= 2)) x lift(t = maxtime
END;
END

Figure 12: SignalTrackerl uses ®&HILE-DO loop structure to model the passage of discrete time. The
PCHOICE operation provides implementation constructs of the absprobabilistic branching statements with
respect to the availability of the controller components.
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Formally capturing the transition from a continuous model to a discrete model is investigated using
model based refinement techniques. A very simple model for stopping (eg. of a train) is developed
in both the continuous and discrete domains. The difference between the two is quantified using
generic results from ODE theory, and these estimates can be compared with the exact solutions.
Such results do not fit well into a conventional model based refinement framework; however they can
be accommodated into a model based retrenchment. The retrenchment is described, and the way it
can interface to refinement development on both the continuous and discrete sides is outlined. The
approach is compared to what can be achieved using hybrid systems techniques.

1 Introduction

Conventional model based formal refinement technologies (see for example [37, 19, 38, 1, 34, 43, 2]) are
based on purely discrete mathematical and logical concepts. These turn out to be ill suited to modeling
and formally developing applications whose usual models are best expressed using continuous mathe-
matics. Nevertheless, many such applications, control systems in particular, are these days implemented
using digital techniques. So there is a mismatch between continuous modeling and discrete development
techniques.

In this paper we tackle this mismatch head on. Although traditional model based refinement is too
exacting to straddle the continuous to discrete demarcation line, a judicious weakening of it, retrench-
ment, proves to be adaptable enough to do the job, which we show. Importantly, retrenchment techniques
interface well with refinement, so that a development starting from continuous and ending at discrete can
be captured in an integrated way.

In this paper we tackle the continuous to discrete issue by taking a simple running example, one
that can be solved fully by analytic means in both the continuous and discrete domains, and tracing
it through the critical formal development step. We start with a continuous control problem: bringing
an object (eg. a train) to a halt. This is formulated as a continuous control problem, and given the
(deliberately chosen) simplicity of the problem, an exact solution is presented. In reality, continuous
control is implemented these days via digital controllers. These periodically read inputs and recompute
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outputs at multiples of a sampling interval during the dynamics. In this sense, the control becomes
discretized, although the discretized control is obviously still played out in the continuous real world.
We thus remodel the continuous problem as a discrete control problem, and derive a formal description
of the discretization step via a suitable retrenchment, drawing on rigorous results from the theory of
ordinary differential equations (ODESs) to supply the justification. Given the limited size of this paper, our
technical focus is on this critical step, and the remainder of the development (comprising the associated
refinements either side of it) is sketched rather than treated in detail. The latter is a task for which a fuller
treatment will be given in the extended version of the paper.

The rest of the paper is as follows. We start in Section 2 by describing relevant existing work in the
hybrid systems domain and how it contrasts with our own approach, after which we get down to details.
Section 3 then formulates our train stopping problem as a conventional open loop continuous control
problem. Section 4 then describes the discretization of the control problem using a simple zero order
hold strategy. In Section 5 we review what we need of ASM refinement and retrenchment in a form
suitable for our problem. Section 6 then shows how our earlier discretization process can be captured
using a suitable retrenchment, citing the needed ODE results. Section 7 sketches how all this can fit into
a wider formal development strategy, in which the greater flexibility of retrenchment can be combined
with the stronger guarantees offered by refinement via the Tower Pattern [8, 28]. Section 8 concludes.

2 Related Work

The relationship between continuous and discrete transition systems has long been a topic for investiga-
tion in the hybrid systems field. Earlier work includes [4, 26, 5, 25]; also, the International Conference
on Hybrid Systems: Computation and Control, has been the venue for a large amount of research in this
area. A more recent reference is [42].

Hybrid systems are dynamical systems that mix smooth, continuous transitions with discrete, dis-
continuous ones. The major focus in this field has been the automatic verification of properties of such
systems. Obviously, such verification demands the representation of the systems in question in discrete
and finite terms, whether by means of an explicitly constructed finite state space (which is manipulated
directly), or a state space whose states arise via the symbolic representation of the less tractable state
space of a previously constructed underlying system (which is manipulated symbolically).

The main tool for bringing an intractable state space within the scope of computable techniques is
the equivalence relation. Regions of the state space are gathered into equivalence classes, and a represen-
tation of these equivalence classes (whether as individual elements in a simple approach, or as symbolic
expressions that denote the equivalence class in question) constitutes the state space of the abstraction.
Transitions between these states are introduced to mirror the behaviour of the underlying system. The
properties of interest can then be checked against the abstract system. For instance, properties that can be
expressed as reachability properties fall within the scope of model checking approaches that are applied
to the abstraction.

Of course what has been constructed thereby is a (bi)simulation, and a major strand of hybrid systems
research is the investigation of such (bi)simulations. The same remarks apply when there is an external
control applied to the systems.

One disadvantage of the above approach is the frequent reliance on brittle properties of the studied
systems. Put most simply, a number of techniques rely on the parameters of the problem falling within
a subset of measure zero of the parameter space. Real systems can never hit such small targets reliably.
Equally, the simulation relations studied can also be just as brittle. To alleviate this, and to address
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other issues of interest, the notion of approximate (bi)simulation has been studied in recent years ([42]
gives a good introduction). Here, instead of defining the simulation relation R(u,v) between an abstract
state u and a concrete state v as a simple predicate on states, it is defined via a distance function d as
Re(u,v) =d(f(u),v) <€, where f is a precise relationship between the two state spaces which is in some
sense “‘semantically natural” (we don’t have space to elaborate on this aspect here). For bisimulation you
need a symmetrical arrangement of course.

(Bi)simulation depends on assuming the appropriate relation between the two before-states and re-
establishing it in the after-states of suitable pairs of transitions. To preserve a relationship based on
distance, the dynamics needs to be inherently stable. The obvious centre of attention thus becomes
stable control systems, normally /inear stable control systems, because of their calculational tractability.
These are discussed in very many places, eg. [32, 20, 22, 18, 3, 40, 11, 6].

In a stable system all trajectories converge to a single point, so the distance between two trajectories
decreases monotonically; hence a simulation relation based on distance between trajectories is main-
tained. But although most systems are designed to be stable in this sense, some are not, and there can
be parts of a system phase space in which trajectories diverge rather than converge, without rendering
the system useless. Below, we treat in detail a very simple example which happens to be unstable in the
sense just discussed. We know it is not stable because we solve it exactly.

Also, in the usual hybrid systems literature, it is normal that the discrete approximation to a given
system is manufatured from it (eg. by constructing equivalence classes, as indicated above). In our ap-
proach, by contrast, we take a more “off the shelf” attitude to discretization, analysing a straightforward
“zero order hold” version of the continuous system (in which the new output values to be sent to the
actuators are recalculated at regular intervals, and the new values are “held” for the duration of the next
inteval') rather than something extracted from an analysis of the original system. In this sense our ap-
proach is closer to conventional engineering practice, since it is directed at the typical practical approach.
Of course these two ways of doing things are not mutually exclusive: the parameters of the zero order
hold may fall within the parameters of a discrete approximation extracted by analysis of the original
system, and vice versa. Finally, our approach is via retrenchment, one consequence of which is that our
analysis is not confined to the purely stable case. In effect, the greater expressiveness of retrenchment
permits (the analogue of) the simulation relation mentioned above, to increase its permitted margin of
error, as well as to decrease it, although this emerges indirectly.

3 Train Stopping: a Continuous Control System

Our target application domain is control problems in the railway sphere. In this paper we have train
stopping as a specific case study. Of course, in reality, train position control is a complex problem
[41, 27], relying on the co-operation of many mechanisms to achieve a reliable outcome, and we do not
have the space to deal with all these aspects and their subtle interactions. Instead we focus on a single
technical issue —the relationship between a continuous control problem and its discrete counterpart—
in a very simple way, commenting on the extreme simplicity below.

Suppose a train, of mass M, is traveling at its cruise velocity V, when it needs to stop. We assume
that a linearly increasing deceleration rate a is appropriate. (It has to be said here that our notion of ap-
propriateness is not quite the usual one. Rather than usability or any similar consideration governing our
choice, simplicity is the priority. A constant deceleration would have been even simpler — unfortunately

1«Zero order” refers here to “holding” the output value constant throughout the interval, in contrast to a higher order hold
which would use a suitably designed higher order polynomial.
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the zero order hold approximation to constant deceleration is identical to it, trivialising our problem.) To
bring the train to a standstill using linearly increasing deceleration, a force F = —Mat (where ¢ is time)
has to be applied, by Newton’s Law. We will assume that M is known, so that we can focus on just the
kinematic aspects.

A cursory knowledge of kinematics is enough to reveal that under linear deceleration, the decelera-
tion, distance and stopping time are linked. We suppose that there is a single stopping episode, which
starts at time 0 and at x position 0, and which ends at time 7., with the train having traveled to position
x = D. Representing time derivatives with a dot, if v is the velocity, then we know that

V= —at v(0) =V V(Tstop) = 0 (1
Regarding the distance traveled x, we know that

X=v x(0) =0 x(Tsiop) = D )
Integrating these, rapidly brings us to

vV = %aTSZ,OP D = VTsp— %aT;mp = %VTS,(,,, 3)
We now recast the above as a control theory problem. At the introductory level, control theory
is usually developed in the frequency domain [32, 20, 22, 18], because of the relative simplicity and
perspicuity of the design techniques in that domain. However, for results sufficiently rigorous to interface
to formal techniques, we need to go to the state space formulation favoured by more mathematically
precise treatments [3, 40, 15, 14, 11, 6]. In the state space picture, the system consists of a number
of state variables, and their evolution is governed by a corresponding number of first order differential
equations. State variables and differential equations mirror the states and transition systems of model
based refinement formalisms sufficiently closely that we can hope to make a connection between them.
To use the first order framework in our example, the state has to consist of both the position x(¢) and
the velocity v(¢). So we get the state vector

x(t) = v(t) “4)

The dynamics of the system is captured in the equation?

#0) = O] = p),ute) = [”“)] )

ult) = —at (6)

X0 = |y) o

2t is clear that when (5) is expressed as a linear control law (with external control signal), the linear part has only zero
eigenvalues. Thus it is not stable in the usual (Liapunov) sense.
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4 From Continuous Control to Discrete Control

To truly implement a continuous control model, such as our case study, requires analogue apparatus.
In the highly digitized world of today, hardly any such systems are built. Instead, continuous control
designs are discretized, and it is the corresponding digital control systems that are implemented.

The digital approach to control has many parallels with the continuous case — in the frequency do-
main the main difference is the use of the z-transform rather than the Laplace transform. The state based
picture too boasts many parallels, with first order difference equations replacing first order differential
equations [23, 24, 33, 29].

In this section we examine a discrete counterpart of the previous continuous control problem, in
preparation for a formal reappraisal in the next section. One advantage of the extreme simplicity of
our example, is that it admits an analytic solution in both continuous and discrete domains, enabling an
incisive evaluation to be made later, of the reappraisal in Section 6.3.

The starting point for our problem remains as before: the train, traveling at velocity V, needs to stop
after time Tg;,),, having gone a distance Dp.? Instead of doing so continuously though, it will do it in a
number of discrete episodes. For this purpose, let us assume that T, is divided into N short periods,
each of length T, so that

TStop = NT (8)
Our discretization scheme will be based on a zero order hold, in which the same control input value is
maintained throughout an individual time period. The counterpart of the linear deceleration rate a of the
continuous treatment, will be a piecewise constant deceleration, with the constant rate decreasing by an

additional multiple of a constant ap after each time interval of length T'.
Calling the discretized velocity variable vp, we have for the acceleration

VD(Z‘) = —kapT ©)]

k = H (10)
and k ranges over the values 1...N. If we set, for a general ¢,
t
5z,<:z—(k—1)T:t—bJT (11

then recalling that the initial velocity is V, provided (k— 1)T < t < kT, the velocity during the k’th period
is

vp(t) = V—apT? —2apT? —...— (k— )apT? — kapT &1y (12)

Since the final velocity is zero, we derive

1
V = apT?+2apT*+...+NapT? = 5aDTZN(NH) (13)

3We will use a subscript ‘D’ to indicate quantities in the discretized model that differ from their continuous counterparts.
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Knowing the velocity, we can integrate again, and work out the distance traveled. Calling the displace-
ment in the discretized world xp, the contribution to xp during the period (k— 1)T <t < kT comes out
as

1
(V—apT? —2apT?—...— (k— )apT?)dt, — 5kaDT&,f (14)

Thus for the total distance we find

3N—l 1 3 N
Dp = NVT —apT ;(N—k)k—EaDT :lk

k k

1
= Vsop — ﬁaDT3(2N3 +3N%4N) (15)

Both (13) and (15) feature ap. Substituting the ap value from (13) into (15) gives

Dp = VTsqp |1— +O(N7?) (16)

2N?24+3N+1 2
3 AN

1
6N+ 6N | 3 s {1_

We see that (16) for D contains an O(1/N) correction compared with (3) for D (assuming we keep V
and T, the same). This is because we have an extra constraint generated by the requirement that 7,
is an integral multiple of 7', making the problem overconstrained if we wished D and Dp, to be the same.

Recasting the preceding as an initial value first order system along the lines of (4)-(7) is not hard.
The state vector is

xo(t) = [XD(’)] (17)

and the dynamics of the system is captured in the equation

iplt) = [)?D(’)] = flin(t),up(t) = [VD(”] (18)

Vp(t) up(t)
where
uD(t) = VD(Z‘) = —kapT (19)

as given by (9), is the external control. We also have the initial condition

xp(0) = [8] (20)

It is hard not to notice how much more complicated the above is compared with (1)-(7). It is always
so with discrete systems — hence the strong desire to model systems in the continuous domain. The
very rapid ramp-up in complexity when we consider the discrete version of a continuous problem is our
justification for restricting to a particularly simple example. The ability to keep the complexity still low
enough to permit an exact solution, is extremely useful in an investigation such as this one, allowing a
comparison between exact and approximate approaches to be made with confidence.
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m steps

Figure 1: An ASM (m,n) diagram, showing how m abstract steps, going from state x to state x’ simulate
n concrete steps, going from y to y’. The simulation is embodied in the retrieve relation R, which holds
for the before-states of the series of steps R(x,y), and is re-established for the after-states of the series

R(x'Y').

5 ASM Refinement and Retrenchment

In this section we review what we need of ASM refinement and retrenchment, which will be the vehicles
for formalization in this paper. The standard reference for the ASM method is [13], building on the
earlier [12]. In general, to prove an ASM refinement, one verifies so-called (m,n) diagrams, in which m
abstract steps simulate n concrete ones. The situation is illustrated in Fig. 1, in whch we suppress input
and output for clarity. For this paper, it will be sufficient to focus on the refinement proof obligations
(POs) which are the embodiment of this policy. The first is the initialization PO:

Vy' e CInit(y') = (3x' e Alnit(xX') AR(X',y")) 2D

In (21), it is demanded that for each concrete initial state y’, there is an abstract initial state x’ such that
the retrieve or abstraction relation R(x’,y’) holds.

The second PO is correctness, and is concerned with the verification of the (m,n) diagrams. For
this, we have to have some way of deciding which (m,n) diagrams are sufficient for the application. Let
us assume that we have done this. Let CFrags be the set of fragments of concrete execution sequences
that we have previously determined will permit a covering of all the concrete execution sequences of
interest for the application. We write y :: ys :: y' € CFrags to denote an element of CFrags starting with
concrete state y, ending with concrete state y', and with intervening concrete state sequence ys. Likewise
x::xs :: X' € AFrags for abstract fragments. Also, let is, js, 0s, ps denote the sequences of abstract inputs,
concrete inputs, abstract outputs, concrete outputs, respectively, belonging to x :: xs :: x’ and y :: ys 1 y/,
and let In(is, js) and Out(os, ps) denote suitable input and output relations. Then the correctness PO
reads:

Vx,is,y,ys,y, js,psey ::ys iy € CFrags AR(x,y) AMnaops.cops(is, js) N
COps(y::ys::y, js, ps)
= (Jxs,x', 050 AOps(x :: xs :: X is,08) AR(X',y') A Outaops cops(0s, ps)) (22)
In (22), it is demanded that when there is a concrete execution fragment of the form COps(y :: ys ::

Y, js, ps), carried out by a sequence of concrete operations COps, with state sequence y :: ys :: y/, input
sequence js and output sequence ps, such that the retrieve and input relations R(x,y) A In(is, js) hold
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Ret AB

A—>B
REfA’C l l RefB’D
C———0D

RetC’D

Figure 2: The Tower Pattern basic square, with refinements vertical, retrenchments horizontal.

between concrete and abstract before-states and inputs, then an abstract execution fragment AOps(x ::
xs 2 X' is, 0s) can be found to re-establish the retrieve and output relations R(x',y’) A Out(0s, ps).

The ASM refinement policy also demands that non-termination be preserved from concrete to ab-
stract, but we will not need that in this paper. We now turn to retrenchment.

For retrenchment, [10, 9] give definitive accounts; latest developments are found in [36]. See also
[7] for formulations of retrenchment adapted to several specific model based refinement formalisms in-
cluding ASM. Like refinement, retrenchment is also characterized by POs: an initialization PO identical
to (21), and a “correctness” PO which weakens (22) by inserting within, output and concedes relations,
Wop,Oop,Co, respectively into (22), to give extra flexibility and expressivity. In particular, the conces-
sion Cp, weakens the conclusions of (22) disjunctively, giving room for many kinds of “exceptional”
behaviour. The result is:

Vx,is,y,ys,Y, js,psey i ys 1y € CFrags AR(x,y) AWaops.cops(is, js, x,y) A
COps(y::ys::y, js,ps)
= (Fxs,x’,0s @ AOps(x :: x5 :: X, is, 08) A
((R(X',y') A Oaopscops(x : xs :: X Jis 08,y ys 2y, js, ps)) V
Caops.cops(x ::xs X Jis 05,y ys 2y, js, ps))) (23)

To ensure that retrenchment only deals with well defined transitions, and to ensure smooth retrench-
ment/refinement interworking, we also insist that R A Wy, always falls in the domain of the requisite
operations, though this is another thing not needed here.

The smooth interworking between refinements and retrenchments is guaranteed by the Tower Pattern.
The basic construction for this is shown in Fig. 2. There, refinements are vertical arrows and retrench-
ments are horizontal, and the two paths round the square from A to D (given by composing Re f ¢ with
Retc p on the one hand, and on the other, by composing Ret4 g with Refp p) are compatible, in the sense
that they each define a portion of a (potentially larger) retrenchment from A to D.

At this point one might legitimately ask what all the above has to do with our case study, in which
the dynamics that we considered is entirely in the continuous domain (albeit taking into account discon-
tinuous control inputs when necessary). The answer lies in the focus on the use of paths through the
system at both abstract and concrete levels in the POs of ASM. With this focus, it is unproblematic to
reconfigure the (m,n) rules (22) and (23) to deal with continuous paths rather than discrete ones. Thus
CFrags and AFrags can now refer to fragements of continuous system trajectories, rather than sequences
of state-to-state hops. Likewise the is and js in Waops.cops(is, js,x,y) now refer to the continuous input
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signals along the trajectories, and so on for the other terms in (22) and (23). We see this exemplified in
detail in the retrenchment of Section 6.2.

6 Formalizing the Continuous to Discrete Modeling Change

In the control literature, one finds many ways of discretizing continuous designs (see loc. cit.), and the
evaluation of the relationship between continuous and discrete is often based on ad hoc engineering
rules of thumb. While these typically yield perfectly good results in practice, the criteria used fall far
short of the kind of precision needed for a good fit with model based formal development techniques.
As a consequence, when model based formal development techniques are used to support the digital
implementation of the discrete counterpart of some continuous design, the formal modeling inevitably
starts already in the discrete domain. Obviously this yields a weaker formal support for the process than
if the formal modeling had started earlier, at the continuous design stage, and was integrated into all the
subsequent design steps, including the change from continuous to discrete.

Our objective in this paper is to illustrate how to make a judgement about the discretization of a
control problem, that has enough precision to integrate well with model based formal technologies. To
achieve this we have recourse to the rigorous theory of ODEs. It can be shown” that two instances of a
control problem which differ solely in the input control satisfy an inequality:

I —xp’|| < K2|[u—upl|2 (24)
In (24), ||x* —x;‘)D || is the £ norm of x* —x}?, or, in plain English, the maximum value over the interval

[0...Ts,p) attained by the difference between continuous and discrete values of any state component.
Likewise, ||u — up)||» is the £ norm of u — up, or, in plain English, the root integrated square difference
between u and up, calculated over the interval [0...Ts,,]. Finally, K2 is a constant.

We note that the continuous and discrete versions of our case study, with initial states (7) and (20),
over the time interval from 0 to T, ,, characterize just such a scenario, since (5) and (7) differ from (18)
and (20) only in the use of up rather than u among the independent variables.

6.1 Rigorous Bounds on Continuous and Discrete Systems

We now flesh out what (24) means for our little case study. We consider the values of the quantities on
the right hand side of (24) in order to obtain a bound for the value of the left hand side. Referring to (24),
theory furnishes an explicit value for the constant K2, namely

K2 = &|k,||> (25)
In (25) Ky is kf Ts0p, Where ky is the £ norm of f, or, the absolute maximum value (over the interval

[0...Ts,p)) of the Lipschitz constant governing the variation of the control law f with respect to the
state. In our application, the form of the control law is

FO(o),u(t) = m] (26)

“4In the extended version of this paper it is shown.
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and it is clear that there is only one component of f with a non-zero partial derivative with respect to
either x or v, namely the first

ofr _

o 27

With this, the first factor of (25) is just e’sor.

Regarding the second factor, ||k,||2 is the root integrated square value of the Lipschitz constant
governing the variation of the control law with respect to the input control signal. Again there is only
one component of f with a non-zero partial derivative with respect to u, namely the second

of2

=2 =1 (28)

so the root integrated square reduces to y/Ts;,p. SO we get

K2 = P [Tomy 29)

Turning to the second factor on the right hand side of (24), ||u — up||2, we recall that we know
explicitly what u and up are from our earlier calculations. From (6) and (19) we know that

u(t) = —at up(t) = —kapT (30)

where, from (3) and (13)

2V 2V 31)
a = —5— ap = —5—————
TSZI()p Tsztop(l + 1/N)

Now (30) shows that u(z) decreases linearly, and that up () is a staircase function, decreasing in equal
sized steps near u(z). It is clear from (30) that in the limit # — 0+, we have u(0+) = 0 and up(0+) =
—apT, so that u(0+) —up(0+) = apT. It is also clear from (30) that in the limit t — Tg;p—, We
have M(Tst(,p—) = —aTSt(,p and uD(TSmp—) = —NapT = —aDTgwp, so that M(Tst()p—) — MD(TStop_) =
(ap — a)Tsiop = apTsiop[l — (1 +1/N)] = —apTsop/N = —apT. Since the staircase has equal sized
steps, it evidently the case that the staircase up(¢) ranges around u(¢) within a bound apT.

lu(t) —up(t)| < apT (32)

This furnishes a suitable overestimate for the root integrated square difference between u(r) and up(z) as
follows

TSmp
le—uplls </ | lapTPd1 = apT\/Tiey (33)
t=
Substituting all the values we have obtained into (24), we get

||x” —x;’)D H < eTS"’P \/ TStop X apT+/ TStop = eTS’OI’aDTTS,Op (34)

We see that despite the potential for the deviation between u(z) and up(T') to grow exponentially with the
size of the time interval, a possibility severely exacerbated by our rather crude bound (33), it is always
possible to reduce it by an arbitrary amount by making the discretization, measured by N, fine enough.
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6.2 Turning Rigorous Bounds into Retrenchment Data

Now that we have a precise relationship between the continuous and discrete control systems, we can
look to incorporate this into our model based formal description.

In general, the exigencies of model based formal refinement are too exacting to be able to accom-
modate the kind of relationships just derived. Retrenchment though, has been purposely designed to be
more forgiving in this regard, so that is what we will use.

Regardless though, of which model based formal description technique is adopted, is the issue that
all such techniques are designed for discrete state transitions, and presume a well defined notion of “next
state”, to which an equally clear notion of “current state” can be related.

In continuous dynamics there is no sensible notion of next state that we can immediately use. How-
ever, as we noted above, the (m,n) diagram approach of ASM refinement makes clear that it is paths
at abstract and concrete levels that are being related. Thus, although we avoid technical details in this
paper, we extend the ASM approach to incorporate continuous paths as well as discrete ones. The in-
centive to do this was one strong reason for choosing ASMs in this work. (Note that this perspective on
refinememt between paths is equally applicable to both the continuous and discretized versions of our
control problem. In the continuous problem there is a single continuous path. In the discretized problem
there are N consecutive shorter continuous “zero order held” paths, interleaved, at the instants at k7', by
the discrete recalculations of the output signal, thus constituting a path comprising both continuous and
discrete components.)

Since the rigorous results we use concern the same starting state for the two systems, our formal
statement is constrained to be an end-to-end one. It will express an end-to-end relationship between the
smooth dynamics at the continuous level, and the discretized level’s dynamics (which is continuous too,
though punctuated at every multiple of 7' by a discontinuous change in the acceleration).

As we saw before, a retrenchment between two specific operation sequences consists of four things:
a retrieve relation between the state spaces, a within relation for the before-states and inputs, an output
relation for the after-states and outputs (and before-states and inputs too if necessary), and a concedes
relation for the after-states and outputs (and before-states and inputs too if needed). In the relations
below, we use some ad hoc notations whose meaning should be obvious from the preceding material.

Regarding the retrieve relation R, there is a very natural one that we might expect to use, namely
the identity between state values in the continuous and discretized worlds. However, even though in our
specific case study the two models start out in the same state thus making such a putative R true in the
hypothesis of the PO (23), in most cases, that assumption will not hold, and so we prefer to follow a more
generic approach, which will be applicable in a wider set of scenarios. A second proposal for R would
see it express a margin of tolerance between the state values in the continuous and discretized worlds, as
discussed in Section 2. This proposal would also work after a fashion, but such a proposal works best
when the relationship between the two system states is stable throughout the dynamics — we have then
a kind of refinement. In our case study, this assumption does not hold since the discrepancy between the
two system states grows steadily through the dynamics.

To accomodate inconvenient situations such as these, retrenchment makes provisions for expressing
the relationship (or just aspects of the relationship) between the states at the before- point of the transition
being discussed in the within relation W instead of (or in addition to) in R. Since the facts expressed in
W do not need to be re-established in the conclusion of the PO (23), this provides the most flexible way
of incorporating appropriate facts about the systems’ before-states in the PO. With this strategy, a global
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retrieve relation is not appropriate, and we set R to true

R((x(1),v()), (xp(1),vp(1))) = true (35)

The job of expressing that the before-states are suitably matched in the PO, taking into account the
input control signals throughout the interval of interest, is thus taken on by the within relation W

W (u(t €0...Tsop)), up([t €0...Tsiop)), (x(0),v(0)), (xp(0),vp(0))) =
x(O) ZXD(O) /\V(O) = VD(O) A Hu— MDHZ < aDT\/TS,(,p (36)

Note that while W relates just the continuous and discrete before-states, it also relates the whole of the
continuous and discrete control inputs.

The output relation O says what happens at the end of the period of interest. In our case, on the basis
of the rather heavy calculations that came earlier, we can use O to say that the after-states diverge by no
more than the bound derived in (34)

0(<X(TSt0p)»V(TSt0p)>»<xD(TSt0p)»VD(TSt0p)>) =
X(Tst0p) — xp(Tstop)| < €50 apTTsrop A V(Tsiop) — v (Tstop)| < e5rapT Tsyop (37)

Note that although O itself speaks explicitly only about the after-states that are attained by the two sys-
tems, the fact that we derived the properties of the after-states in question using an .Z* analysis, means
that the same bound holds throughout the interval of interest. The advantage of this formulation is that
we automatically get a discreteness of the description in terms of before- and after- states, which will in-
tegrate neatly with discrete system reasoners (in the event that such modeling is eventually incorporated
into mechanised tools), while yet providing guarantees that hold throughout the interval of interest.

Since our system is so simple, O already captures all that we need to say, and the kind of exceptional
behaviour that may need to be taken into account in more realistic engineering situations is not present.
This is also connected wsiyth the fact that we have trivialised the retrieve relation. Accordingly we can
set the concedes relation C to false

C((X(Tstop) s V(Tstop)) s X0 (Tstop), v (Tsop))) = false (38)

With these data, the proof obligation (23) becomes provable on the basis of the results cited earlier,
which establishes the formal connection between the continuous and discrete domains in a way that can
be integrated with formal refinements on both the continuous and discrete sides.

Particularly noteworthy is the fact that the discrepancy between the states grows linearly with time;
and that this is a property of the exact solutions and not just an artifact of some approximation scheme.
If we tried to handle this in a pure refinement framework, using a retrieve relation R to capture the rela-
tionship between states in the two models (regardless of whether R was an exact, pointwise relationship,
or an approximate one, analogous to the approximate simulation relations discussed in Section 2), then
assuming such an R for the before-states would not enable us to re-establish it for the after-states, and
the correctness PO could not be proved. The greater flexibiity of retrenchment permits us to handle the
before-states in the within relation and the after-states in the output relation, overcoming the problem.

6.3 Corroboration

In our case study, exact solvability of the control models in both continuous and discrete domains gives
us additional and independent confirmation of the approach we are advocating in this paper.
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Both continuous and discrete models “run” for the same amount of time, Ts;,,, and the output relation
(37) gives an estimate for the discrepancy between the continuous and discrete states reached in the two
models after that time. The states themselves consist of two components, the displacements and the
velocities.

Regarding the velocities, both models come to a standstill after exactly Ts;,,. Consequently both
V(Tstop) and vp(Tsso)p) are zero, so that [v(Tssop) — vp(Tsiop)| = 0, and any positive upper bound is bound
to be sound. So (37), which gives the overestimate eTSfOPaDTTS,Op for [v(Tsiop) — vb(Tstop)| is correct
regarding the velocities, but in an unsurprising way.

Regarding the displacements, the quantization of T, in the discrete case, leads to the continuous
and discrete dynamics stopping at slightly different places, D and Dp respectively, which we calculated
earlier. On that basis, we can calculate the exact difference (disregarding O(N~?) and beyond):

2V T 1 1\ Ts
|x(TStop)*XD(TSt0p)| = g 4]\t,0p = EaDTS%op <1 N) 6;:/'17
1 1
= EaDTTSZtop <1+N> (39)

On the other hand, the output relation (37) gives the estimate eTSH'PaDTTSmp for this quantity. Thus
the exact value falls within the bounds of the estimate, as it should, if and only if (after cancelling the
common factor apT T;ep):

TStop 1 T
1+— | < eTeor 40
B < + N) < e (40)

Since a linear function of T, of slope less than 1 can never catch an exponential function of T;,, with
coefficient 1, (40) is obviously true, and we have our corroboration.

7 Continuous to Discrete Modeling in a Wider Design Process

The previous sections focused in detail on how the rigorous theory of ODEs was capable of yielding re-
sults that could be integrated with existing model based refinement centred development methodologies,
all in the context of a very simple example. The essence of the process is to identify useful results from
the mathematical theory, and then to drill down into the details of the proof to identify explicit values for
the constants etc. that figure in them. The latter process is often required, since it is frequently the case
that the goal of a proof of interest is satisfied by merely asserting the existence of the requisite constant,
without a specific value being calculated, since that is usually enough to enable the existence of some
limit to be proved. By contrast, for us, the existence of the limit is insufficient, since no engineering
process can completely traverse the infinite road required to reach it. Rather, we need the explicit value
of everything, so that we can judge how far down the road we have to go before we can be sure that we
have gone “far enough” to achieve the engineering quality we require.

In this section, we outline how a retrenchment obtained in this way could be placed in the context
of a development methodology of wider scope. For lack of space we touch on a number of technical
issues that are only dealt with properly in the extended version of this paper. The key idea for the
integration is the Tower Pattern, mentioned already in Section 5. This allows the extreme flexibility of
retrenchment with its ability to accomodate a very wide variety of system properties, to be shored up
with the much stricter guarantees that model based refinement offers, the latter coming at the price of
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Initial goals D

More detailed goals Discretized ASM model
Continuous ASM model P> | Discretized control design

Continuous control design

D Braking model

Figure 3: An overview of a complete development, starting with abstract goals, proceeding through ex-
plicit continuous and discrete deceleration models, and continuing with further low level models. Vertical
arrows are (perhaps successive) model based refinements. Horizontal arrows are retrenchments, suited
to relating models too different to be connected by refinement.

much more restricted expressivity as regards system properties. Although we do not have the space to
discuss the point at length, we claim that a judicious combination of the two techniques can give better
coverage of the route from high level domain centred requirements goals to low level implementation,
than either technique alone. Thus on the one hand, use of refinement alone, forces the consideration
of and commitment to, low level restrictions such as finiteness limits on arithmetic, far too early in the
process, in order that all later models can (in effect) be conservative extensions of their predecessors. On
the other hand, use of retrenchment alone makes it much harder to track how system properties evolve
as the development proceeds, since successive models can be connected to their predecessors in a very
loose manner, requiring much tighter focus on post hoc validation.

In our case, it is appropriate to use retrenchment to capture the properties of the discretization step,
since that is something that has eluded model based refinement techniques.” However, either side of the
discretization step, we are free to use refinement, since on each side individually, the models display
much more consistency regarding the kind of properties that can be handled with sufficient eloquence
using refinement alone.

The complete process that we have in mind may be summarized in Fig. 3. The thick arrows trace a
path through a family of models that a development route could plausibly take. The left hand side of the
diagram concerns continuous models. At the start, we have high level requirements goals, expressed in a
notation with formal underpinnings. We have in mind a formalism like KAOS [30, 31] (or more precisely,
an adaptation of it to deal more honestly with continuous processes). These requirements goals can then
be formally refined till they can be operationalized, i.e. transformed into the operations of a methodology
such as ASM (again, adapted to deal with continuous evolution). Then comes our discretization step,
necessitating the use of retrenchment. Once we have crossed the continuous/discrete boundary, we are
free to revert to traditional model based refinement techniques for discrete state transition systems — no

51t has to be noted that the introduction of approximate simulations has improved the situation recently with regard to stable
systems, but in a more general context the observation remains true.
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worries about continuous phenomena any more. In Fig. 3 we indicate how the discrete kinematics that
we investigated earlier might be refined to a model of train braking, in which concern with the dynamics
is replaced by a focus on the actuators that would implement the deceleration increments in practice.

Fig. 3 also features other models, indicated by asterisks. These are models whose existence is guar-
anteed by the Tower theorems [8, 28], making the squares of Fig. 3 commuting in an appropriate sense.
However, we argue that these models are less useful than the others. Thus the lower left model would
be a continuous version of the braking model, an unrealistic overidealisation so close to implementation.
The upper right model would be a discretized version of the highest level requirements goals for train
stopping. Again this would be inappropriate at such a high level, since it clutters what ought to be the
most perspicuous expression of the system goals with a lot of material concerning low level details of
the discretization scheme. This bears out what we said above about a combination of refinement and
retrenchment techniques providing the best coverage of the route from high level requirements to low
level implementation.

Above, we mentioned adaptations of KAOS and ASM to deal with continuous behaviour. We discuss
these briefly now. Regarding ASM, a major part of what we need is already available in the literature,
eg. [16, 39] which deal with (Real) Timed ASM. The essential observation is that in the context of con-
tinuous time, system states should be modeled as persisting over half-open half-closed time intervals,
eg. (to,11]. This allows the typical discontinuous state transition in a typical discrete transition system,
say of a state variable v, to be represented as the move from v(zy) (the value of v at 79, which lies outside
(fo,11] and is the right hand endpoint of the preceding interval), to limg_ o1 v(fp + €) (the left hand limit
at 1y from the right, of values of v within the interval (fy,7,]). Likewise, a period of continuous evolution
can be understood as persisting over such a half-closed interval, governed by a suitably well posed ODE
initial value problem, and with the truth of the initial conditions for the initial value problem at the end
of the preceding interval being the trigger for the system’s subsequently following a trajectory specified
by the ODE problem. With these conventions, a version of ASM in which discrete steps alternate with
continuous flows can be developed, reflecting many of the characteristics of hybrid automata.

A similar approach can be adopted for KAOS. Although KAOS depends on a notion of time from
the outset, in the normal KAOS formalism, time is discrete, typically indexed by the integers, with
requirements goals expressed as temporal logic formulae over time. For a version over continuous time,
while some temporal operators, eg. always, until, offer no conceptual difficulties, the next operator needs
to be rethought. Again half-open half-closed intervals, with successor states being defined via the limit
from the right at the left hand end of a half-closed interval, can be used. To avoid problems arising due
to an accumulation of next operators, syntactic restrictions have to be imposed on the permitted temporal
formulae. However, the kinds of restrictions that need to be imposed are satisfied by the patterns that
KAOS requirements are normally built out of.

8 Conclusion

In this paper we introduced a small continuous control problem in state space format, and then treated a
discretized counterpart of it, utilising a zero order hold. Then came the main novel contribution of the
paper, a rigorous treatment of the continuous to discrete modeling transformation, based on cited results
from ODE theory. That done, we were able to integrate the results into a retrenchment which related
from continuous and discrete models. As noted earlier, model based formal development normally starts
already in the discrete domain, so the ability to connect this with the continuous world in a reasoned way,
is a significant extension of the potential of model based formal techniques to underpin developments
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of such systems. Equally importantly, in making essential use of retrenchment to forge the connection
between continuous modeling and discrete modeling, this work gives a fresh confirmation of the utility
of the concept as a worthwhile adjunct to refinement in tackling the wider issues connected with real
world formal developments.

Of course, this paper is by no means the last word in developments of this kind. As well as tackling a
control problem that was almost trivial technically, the rigorous result from mathematical control theory
that we utilized was relatively limited, insisting, as it did, that the two behaviours that were compared,
started from the same state, using a rather crude £ estimate of the difference in the control inputs to
derive its conclusion, and being based on rather generic properties of the ODEs that govern the dynamics
of the control problem. (These simple contraints also meant that relatively little of the expressive power
of retrenchment was used in this case study.) In more realistic cases, the problem will be less amenable to
analytic solution, and feedback mechanisms will help alleviate the inherent uncertainty that arises. More-
over, while a crude .#2 estimate of the difference in the control inputs allows the two control inputs to get
as far away from each other as the bounds on the control space allow, in practice, feedback mechanisms
will tend to push them together, and this could be exploited to derive more stringent estimates of the
difference between continuous and discrete control. All of this remains to be discussed in future work,
as does the extension of the KAOS and ASM formalisms (or any alternatives that might be contemplated
to act in their place), that can encompass the continuous behaviours that we have described.

Our work is to be contrasted with the possibilities offerd by the hybrid systems approach [42]. There,
the insistence on (approximate) bisimulation between a continuous system and a discrete counterpart
restricts attention to control systems which are stable in the Liapunov sense. In any event, the intense
focus on considerations of algorithmic decidability in that field, with automata homomorphism as such
a prominent relationship between system models, can inhibit design expressivity for the purposes that
concern us. For instance, techniques that rely on stability, are, strictly speaking, not applicable to our
simple case study.

Once a suitable collection of widely applicable and useful results of the kind discussed here have
been established, the way is open for the incorporation of these into appropriate formal development
tools. These would be of a different flavour to those typically developed for the hybrid systems field,
since they would have more emphasis on interactive proving than is typically the case there. One snag
that would have to be overcome is that most proving based tools cope rather badly with the kind of applied
mathematics and rigorous analysis techniques that are required for this work. A notable exception is the
PVS suite [17, 35], for which substantial library support exists to underpin both applied mathematics and
its more rigorous counterparts, eg. [21]. This would be the obvious jumping off point for the development
of tools that aligned well with our approach.
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Event-B provides a flexible framework for stepwise system development via refinement. The frame-
work supports steps for (a) refining events (one-by-one), (b) splitting events (one-by-many), and (c)
introducing new events. In each of the steps events can moreover possibly be anticipated or conver-
gent. All such steps are accompanied with precise proof obligations. Still, it remains unclear what
the exact relationship - in terms of a behaviour-oriented semantics - between an Event-B machine
and its refinement is. In this paper, we give a CSP account of Event-B refinement, with a treatment
for the first time of splitting events and of anticipated events. To this end, we define a CSP seman-
tics for Event-B and show how the different forms of Event-B refinement can be captured as CSP
refinement.

1 Introduction

Event-B [1] provides a framework for system development through stepwise refinement. Individual
refinement steps are verified with respect to their proof obligations, and the transitivity of refinement
ensures that the final system description is a refinement of the initial one. The refinement process al-
lows new events to be introduced through the refinement process, in order to provide the more concrete
implementation details necessary as refinement proceeds.

The framework allows for a great deal of flexibility as to cover a broad range of system developments.
The recent book [1] comprising case studies from rather diverse areas shows that this goal is actually met.
The flexibility is a result of the different ways of dealing with events during refinement. At each step
existing events of an Event-B machine need to be refined. This can be achieved by (a) simply keeping
the event as is, (b) refining it into another event, possibly because of a change of the state variables, or
(c) splitting it into several events'. Furthermore, every refinement step allows for the introduction of new
events. To help reasoning about divergence, events are in addition classified as ordinary, anticipated or
convergent. Anticipated and convergent events both introduce new details into the machine specification.
Convergent events must not be executed forever, while for anticipated events this condition is deferred
to later refinement steps. All of these steps come with precise proof obligations; appropriate tool support
helps in discharging these [3, 2]. Event-B is essentially a state-based specification technique, and proof
obligations therefore reason about predicates on states.

Like Event-B, CSP comes with a notion of refinement. In order to understand their relationship,
these two refinement concepts need to be set in a single framework. Both formalisms moreover support
a variety of different forms of refinement: Event-B by means of several proof obligations related to
refinement, out of which the system designer chooses an appropriate set; CSP by means of its different

LA fourth option is merging of events which we do not consider here.

J. Derrick , E.A. Boiten, S. Reeves (Eds.):
Refinement Workshop 2011.
EPTCS 55, 2011, pp. 139-154, doi:10.4204/EPTCS.55.9
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semantic domains of traces, failures and divergences. The aim of this paper is to give a precise account
of Event-B refinement in terms of CSP’s behaviour-oriented process refinement. This will also provide
the underlying results that support refinement in the combined formalism Event-B||CSP. Our work is
thus in line with previous studies relating state-based with behaviour-oriented refinement (see e.g. [,
9, 4]). It turns out that CSP supports an approach to refinement consistent with that of Event-B. It
faithfully reflects all of Event-B’s possibilities for refinement, including splitting events and new events.
It moreover also deals with the Event-B approach of anticipated events as a means to defer consideration
of divergence-freedom. Our results involves support for individual refinement steps as well as for the
resulting refinement chain.

The paper is structured as follows. The next section introduces the necessary background on Event-B
and CSP. Section 3 gives the CSP semantics for Event-B based on weakest preconditions. In Section 4
we precisely fix the notion of refinement used in this paper, both for CSP and for Event-B, and Section
5 will then set these definitions in relation. It turns out that the appropriate refinement concept of CSP in
this combination with Event-B is infinite-traces-divergences refinement. The last section concludes.

2 Background

We start with a short introduction to CSP and Event-B. For more detailed information see [17] and [1]
respectively.

2.1 CSp

CSP, Communicating Sequential Processes, introduced by Hoare [11] is a formal specification language
aiming at the description of communicating processes. A process is characterised by the events it can
engage in and their ordering. Events will in the following be denoted by aj,as,... or evt0,evtl,....
Process expressions are built out of events using a number of composition operators. In this paper, we
will make use of just three of them: interleaving (P; ||| P2), executing two processes in parallel without
any synchronisation; hiding (P \ N), making a set N of events internal; and renaming (f(P) and f~!(P)),
changing the names of events according to a renaming function f. If f is a non-injective function, f~!(P)
will offer a choice of events b such that f(b) = a whenever P offers event a.

Every CSP process P has an alphabet otP. Its semantics is given using the Failures/Divergences/Infinite
Traces semantic model for CSP. This is presented as %/ in [16] or FDI in [17]. The semantics of a process
can be understood in terms of four sets, T, F, D, I, which are respectively the traces, failures, divergences,
and infinite traces of P. These are understood as observations of possible executions of the process P, in
terms of the events from P that it can engage in.

Traces are finite sequences of events from P’s alphabet: tr € ocP*. The set traces(P) represents the
possible finite sequences of events that P can perform. Failures will not be considered in this paper and
are therefore not explained here.

Divergences are finite sequences of events on which the process might diverge: perform an infinite
sequence of internal events (such as an infinite loop) at some point during or at the end of the sequence.
The set divergences(P) is the set of all possible divergences for P. Infinite traces u € oP® are infinite
sequences of events. The set infinites(P) is the set of infinite traces that P can exhibit. For technical
reasons it also contains those infinite traces which have some prefix which is a divergence.

Definition 2.1 A process P is divergence-free if divergences(P) = {}.
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. evt0 =
machine M
. when
variables v
. . G(v)
invariant /(v)
events init0, evt0 then
mni e v
eV v:| BAO(v,V)
end
end

Figure 1: Template of an Event-B machine and an event.

We use r to refer to finite traces. These can also be written explicitly as (a,az,...,a,). The empty trace

is (), concatenation of traces is written as tr; " tr,. We use u to refer to infinite traces. Given a set of
events A, the projections tr | A and u | A are the traces restricted to only those events in A. Note that u | A
might be finite, if only finitely many A events appear in u. Conversely, 7r \ A and u \ A are those traces
with the events in A removed. The length operator #tr and #u gives the length of the trace it is applied
to. As a first observation, we get the following.

Lemma 2.2 [f P is divergence-free, and for any infinite trace u of P we have #(u \ A) = oo, then P\ A is
divergence-free.

Proof 2.3 Follows immediately from the semantics of the hiding operator.

Later, we furthermore use specifications on traces or, more generally, on CSP processes. Specifications
are given in terms of predicates. If S is a predicate on a particular semantic element, then we write P sat S
to denote that all relevant elements in the semantics of P meet the predicate S. For example, if S(u) is a
predicate on infinite traces, then P sat S(u) is equivalent to Vu € infinites(P).S(u).

2.2 Event-B

Event-B [1, 13] is a state-based specification formalism based on set theory. Here we describe the basic
parts of an Event-B machine required for this paper; a full description of the formalism can be found in
[1].

A machine specification usually defines a list of variables, given as v. Event-B also in general allows
sets s and constants c. However, for our purposes the treatment of elements such as sets and constants
are independent of the results of this paper, and so we will not include them here. However, they can be
directly incorporated without affecting our results.

There are many clauses that may appear in Event-B machines, and we concentrate on those clauses
concerned with the state. We will therefore describe a machine M with a list of state variables v, a state
invariant /(v), and a set of events evr0, ... to update the state (see left of Fig.1). Initialisation is a special
event init0.

A machine My will have various proof obligations on it. These include consistency obligations, that
events preserve the invariant. They can also include (optional) deadlock-freeness obligations: that at
least one event guard is always true.

Central to an Event-B description is the definition of the events, each consisting of a guard G(v)
over the variables, and a body, usually written as an assignment S on the variables. The body defines
a before-after predicate BA(v,V') describing changes of variables upon event execution, in terms of the
relationship between the variable values before (v) and after (v/). The body can also be written as v :|
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BA(v,V'), whose execution assigns to v any value v/ which makes the predicate BA(v,V) true (see right
of Fig. 1).

3 CSP semantics for Event-B machine

Event-B machines are particular instances of action systems, so Morgan’s CSP semantics for action sys-
tems [14] allows traces, failures, and divergences to be defined for Event-B machines, in terms of the
sequences of events that they can and cannot engage in. Butler’s extension to handle unbounded non-
determinism [6] defines the infinite traces for action systems. These together give a way of considering
Event-B machines as CSP processes, and treating them within the CSP semantic framework. In this
paper we use the infinite traces model in order to give a proper treatment of divergence under hiding.
This is required to establish our main result concerning divergence-freedom under hiding of new events.
Consideration of finite traces alone is not sufficient for this result.

Note that the notion of traces for machines is different to that presented in [1], where traces are
considered as sequences of states rather than our treatment of traces as sequences of events.

The CSP semantics is based on the weakest precondition semantics of events. Let S be a statement
(of an event). Then [S]R denotes the weakest precondition for statement S to establish postcondition R.
Weakest preconditions for events of the form “ when G(v) then S(v) end” are given by considering
them as guarded commands:

[when G(v) then S(v) end]P = G(v)=[S(v)|P

Events in the general form “ when G(v) then v:| BA(v,V') end” have a weakest precondition semantics
as follows:

[when G(v) then v:|BA(v,V') end]P = G(v)= Vx.(BA(v,x) = Plx/v])
Observe that for the case P = true we have
[when G(v) then v:| BA(v,V') end]true = true

Based on the weakest precondition, we can define the traces, divergences and infinite traces of an Event-B
machine?.
Traces The traces of a machine M are those sequences of events 7r = {(ay,...,a,) which are possible for
M (after initialisation init): those that do not establish false:
traces(M) = {tr| —linit;trlfalse}
Here, the weakest precondition on a sequence of events is the weakest precondition of the sequen-
tial composition of those events: [(ay,...,a,)|P is given as [a;; ... ; a,|P = [a1](...([a,|P)...).
Divergences A sequence of events tr is a divergence if the sequence of events is not guaranteed to
terminate, i.e. —[init; tr]true. Thus

divergences(M) = {tr|—[init;tr]true}

Note that any Event-B machine M with events of the form evr given above is divergence-free.
This is because [evt|true = true for such events (and for init), and so [init; tr|true = true. Thus no
potential divergence tr meets the condition —[init; tr]true.

2Failures can be defined as well but are omitted since they are not needed for our approach.
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Infinite Traces The technical definition of infinite traces is given in [6], in terms of least fixed points of
predicate transformers on infinite vectors of predicates. Informally, an infinite sequence of events
u = (up,uy,...) is an infinite trace of M if there is an infinite sequence of predicates P; such that
—linit](—Pp) (i.e. some execution of init reaches a state where Py holds), and P; = —[u;](—Pi+1)
for each i (i.e. if P; holds then some execution of u; can reach a state where P;; holds).

infinites(M) = {u|there is a sequence(P;)icn . —[init](—Pp) A
foralli.P; = _‘[ui](_‘Pi+1) }

These definitions give the CSP Traces/Divergences/Infinite Traces semantics of Event-B machines in
terms of the weakest precondition semantics of events.

4 Refinement

In this paper, we intend to give a CSP account of Event-B refinement. The previous section provides us
with a technique for relating Event-B machines to the semantic domain of CSP processes. Next, we will
briefly rephrase the refinement concepts in CSP and Event-B before explaining Event-B refinement in
terms of CSP refinement.

4.1 CSP refinement

Based on the semantic domains of traces, failures, divergences and infinite traces, different forms of
refinement can be given for CSP. The basic idea underlying these concepts is - however - always the
same: the refining process should not exhibit a behaviour which was not possible in the refined process.
The different semantic domains then supply us with different forms of “behaviour”. In this paper we will
use the following refinement relation, based on traces and divergences:

Pl Q =  traces(Q) C traces(P)
A divergences(Q) C divergences(P)
N infinites(Q) C infinites(P)

Refinement in Event-B also allows for the possibility of introducing new events. To capture this aspect in
CSP, we need a way of incorporating this into process refinement. As a first idea, we could hide the new
events in the refining process. This potentially introduces divergences, namely, when there is an infinite
sequence of new events in the infinite traces. In order to separate out consideration of divergence from
reasoning about traces, we will use P ||| RUNy as a lazy abstraction operator instead. RUNy defines a
divergence free process capable of executing any order of events from the set N. This will enable us to
characterise Event-B refinement introducing new events in CSP terms. The following lemma gives the
relationship between refinement involving interleaving, and refinement involving hiding.

Lemma 4.1 If Py ||| RUNy Cyp; Py and NN oPy = {} and Py \ N is divergence-free, then Py Crpy Py \
N.

Proof: Assume that (1) Py ||| RUNy Crp; P1, 2) NNaPy={} and (3) P; \ N is divergence-free. We
need to show that the (finite and infinite) traces as well as divergences of P; \ N are contained in those
of P().
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~ evtl =
evt0) =
refines evi(Q
when
status st
G(v)
when
then Hiw)
v:| BAO(v,V)
end then
w:| BAl(w,w')
end

Figure 2: An event and its refinement

Traces Let tr € traces(P; \ N). By semantics of hiding there is some tr’ € traces(Py) s.t. tr' \ N = tr.
By (1) tr € traces(Py ||| RUNy). By (2) and the semantics of ||| we get tr' \ N € traces(Py) and
thus tr € traces(Py).

Divergences By (3) divergences(P; \ N) = {}, thus nothing to be proven here.

Infinites Let u € infinites(P; \ N). By the semantics of hiding there is some ' € infinites(P;) such that
W \N=uand #(u' \ N) = o. By (1) ' € infinites(Py ||| RUNy) and by (2) and semantics of
interleave we get ' \ N = u € infinites(Py).

O

4.2 Event-B refinement

In Event-B, the (intended) refinement relationship between machines is directly written into the machine
definitions. As a consequence of writing a refining machine, a number of proof obligations come up.
Here, we assume a machine and its refinement to take the following form:

machine M machine A,
variables v refines M
invariant /(v) variables w
events init0,evt0, ... invariant J (v, w)
end events initl,evtl,...
variant V(w)
end

The machine My is actually refined by machine M1, written My < M, if the given linking invariant J on
the variables of the two machines is established by their initialisations, and preserved by all events, in
the sense that any event of M can be matched by an event of M (or skip for newly introduced events)
to maintain J. This is the standard notion of downwards simulation data refinement [8]. We next look at
this in more detail, and in particular give the proof obligations associated to these conditions.

First of all, we need to look at events again. Figure 2 gives the shape of an event and its refinement.
We see that an event in the refinement now also gets a status. The status can be ordinary (also called
remaining), or anticipated or convergent. Convergent events are those which must not be executed
forever, and anticipated events are those that will be made convergent at some later refinement step.
New events must either have status anticipated or convergent. Both of these introduce further proof
obligations: to prevent execution “forever” the refining machine has to give a variant V (see above in
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M), and V has to be decreased by every convergent event and must not be increased by anticipated
events.

We now describe each of the proof obligations in turn. We have simplified them from their form in
[13] by removing explicit references to sets and constants. Alternative forms of these proof obligations
are given in [1, Section 5.2: Proof Obligation Rules].

FIS_REF: Feasibility Feasibility of an event is the property that, if the event is enabled (i.e. the guard
is true), then there is some after-state. In other words, the body of the event will not block when
the event is enabled.

The rule for feasibility of a concrete event is:

I(v) NJ(v,w) AN H(w)
- FIS_REF

Iw'.BAL(w,w')

GRD_REF: Guard Strengthening This requires that when a concrete event is enabled, then so is the
abstract one. The rule is:

I(v) NJ(v,w) ANH(w)
H GRD_REF

G(v)

INV_REF: Simulation This ensures that the occurrence of events in the concrete machine can be
matched in the abstract one (including the initialization event). New events are treated as re-
finements of skip. The rule is:

I(v) ANJ(v,w) AN H(w) A BA1(w,n)
- INV_REF

V. (BAO(v,V') AJ(V W)

Event-B also allows a variety of further proof obligations for refinement, depending on what is appropri-
ate for the application. The two parts of the variant rule WFD_REF below must hold respectively for all
convergent and anticipated events, including all newly-introduced events.

WFD_REF: Variant This rule ensures that the proposed variant V satisfies the appropriate properties:
that it is a natural number, that it decreases on occurrence of any convergent event, and that it does
not increase on occurrence of any anticipated event:

I(v) AJ(v,w) A H(w) A BAL(w,w') WFD_REF

= (convergent event)

Viw) e NAV(W) < V(w)

I(v) A J(V, W) A H(W) A BA1 (W, W/) WFD_REF

= (anticipated event)

Viw) eNAV(W) < V(w)
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We will use the refinement relation My < M to mean that the four proof obligations FIS_REF, GRD_REF,
INV_REF, and WFD_REF hold between abstract machine M, and concrete machine M.

5 Event-B refinement as CSP refinement

With these definitions in place, we can now look at our main issue, the characterisation of Event-B
refinement via CSP refinement. Here, we in particular need to look at the different forms of events in
Event-B during refinement. Events can have status convergent or anticipated, or might have no status.
This partitions the set of events of M into three sets: anticipated A, convergent C, and remaining events
R (neither anticipated nor convergent). The alphabet of M, the set of all possible events, is thus given by
oM = AUCUR. In the CSP refinement, these will take different roles.

Now consider an Event-B Machine M, and its refinement M;: My < M. The machine M, has
anticipated events Ag, convergent events Cp, and remaining events Ro, and M| similarly has event sets
Ay, C1, and R;. Each event ev| in M, either refines a single event evy in My (indicated by the clause
‘refines evy’ in the description of ev;) or does not refine any event of My. The set of new events N is
those events which are not refinements of events in M.

My < M, thus induces a partial surjective function f; : M| —+» aM, where fi (ev|) = evy <> ev) refines evy.
Observe that M| is partitioned by ffl (aMp) and N;. The rules for refinement between events in Event-
B impose restrictions on these sets:

1. each event of M is refined by at least one event of Mj;
2. each new event in M| is either anticipated or convergent;
3. each event in M| which refines an anticipated event of M, is itself either convergent or anticipated;
4. refinements of convergent or remaining events of My are remaining in M1, i.e. they are not given a
status.
The conditions imposed by the rules are formalised as follows:
1. ran(fi) = AoUCyURy;
2. NNCAUCy;
3. f ' (Ao) CAUCY;
4. i (CoURo) = f; ' (Co) Uf; ' (Ro) = Ru.
These relationships between the classes of events are illustrated in Figure 3.

5.1 New events

For the new events arising in the refinement, we can use the lazy abstraction operator via the RUN process
to get our desired result, disregarding the issue of divergence for a moment. The following lemma gives
our first result on the relationship between Event-B refinement and CSP refinement.

Lemma 5.1 If My < M| and the refinement introduces new events N\ and uses the mapping fi, then
fi ' (Mo) ||| RUNy, Sps M.

Proof: We assume state variables of My and M| named as given above, i.e. state variables of M, are v and
of My are w. Let tr = (ai,...,ay) € traces(M;). We need to show that tr € traces(f; ' (My) ||| RUNy,).
First of all note that the interleaving operator merges the traces of two processes together, i.e., the traces of
17 "(Mo) ||| RUNy, are simply those of f; ' (M) with new events arbitrarily inserted. The proof proceeds
by induction on the length of the trace.
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Figure 3: Relationship between events in a refinement step: f| maps events in M| to events in My that
they refine.

Induction base Assumen =0, i.e., tr = (). By definition this means that the initialisation event init1 has
been executed bringing the machine M into a state w;. By INV_REF (using init as event), we find
a state v| such that J(vy,w;) and furthermore () € traces(My) and hence also in traces(f; ' (Mo) |||
RUNy,).

Induction step Assume that for a trace rr = (ay,...,aj_1) € traces(M;) we have already shown that rr €
traces(f;” ' (M) ||| RUNy, ) and this has led us to a pair of states vj_1, wj_; such that J(vj_1,w;_1).
Now two cases need to be considered:

1. a; ¢ Ni: Assume a; in M to be of the form
when H(w) then w:| BAl(w,w') end
and fi (aj) in My of the form
when G(v) then v:| BA(v,V') end
Since a; is executed in wj_; we have H(wj_;). By GRD_REF we thus get G(v;_1). Further-
more, for w; with BA1(w;_;,w;) we find — by INV_REF - a state v; such that J(v;,w;) and
BA(vj_1,v;). Hence tr ™ (a;) € traces(f;” ' (Mo) ||| RUNy,).

2. a; € Np: Similar to the previous case. Here, a; refines skip and thus v; = v;_; and the event q;
is coming from RUNYy, .

In the same way we can carry out a proof for infinite traces. For divergences it is even simpler as
divergences(My) = {}. O
This lemma can be generalised to a chain of refinement steps. For this, we assume that we are given a se-

quence of Event-B machines M; with their associated processes P;, and every refinement step introduces
some set of new events N;.
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Theorem 5.2 If a sequence of processes P;, mappings f;, and sets N; are such that

fz+1< i) ||| RUNN,., Crpr Pisi €))

for each i, then

_1(.,-(fl_1(P0)) )H’RUN l( : (Nl) )U Ufn ( - I)UNH ETD[ Pn

Proof: Two successive refinement steps combine to provide a relationship between Py and P, of the
same form as Line 1 above, as follows:

5 '(P1) [||RUNy, Crpr P2 (given)
L (PO)H\RUNM)HlRUNNz Crpor Py (line (1), transitivity of C)
£ 10 ) 1 RUN, g | ROV, Eor P2 (Laws (P11 0) =) 1 77(0)
f (fl ( ))|HRUN21(N1)UN2 Crpr P, (Law: RUNy ||| RUNg = RUNyp)

Hence the whole chain of refinement steps can be collected together, yielding the result. O

5.2 Convergent and anticipated events

The previous result lets us relate the first and last Event-B machine in a chain of refinements. Due to
the lazy abstraction operator (and the resulting possibility of defining refinement without hiding new
events), we considered divergence free processes there: all processes P; representing Event-B machines,
are divergence free by definition. However, Event-B refinement is concerned with a particular form of
divergence and its avoidance. A sort of divergence would arise when new events (or more specifically,
convergent events) could be executed forever, and this is what the proof rules for variants rule out.

We would like to capture the impact of convergence and anticipated sets of events in the CSP seman-
tics as well. To do so, we first of all define the specification predicate

CA(C,R)u) = (#(u]C)=oo= #(u|R)=oo)

Intuitively, this states that all infinite traces having infinitely many convergent (C) events also have in-
finitely many (R) remaining events (and thus cannot execute convergent events alone forever). In this
case we say that the Event-B machine does not diverge on C events.

Definition 5.3 Let M be an Event-B machine with its alphabet aM containing event sets C and R with
CNR = {}. M does not diverge on C events if M sat CA(C,R).

Convergent events in Event-B machines only come into play during refinement. Thus a plain, single
Event-B machine has no convergent events (C = { }) and thus trivially satisfies the specification predicate.

Lemma 54 If My < My, and M, has convergent, anticipated, and remaining events Ci, Ay, and R;
respectively, then M, sat CA(C1,R;)

Proof: We prove this by contradiction. Assume —M; sat CA(Cy,R;). Then there is some u € infinites(M )
such that #(u | C}) = oo and #(u | R;) < . Then there must be some fry, u’ such that u = tro ™ u’ with
u' € (CLUA)® (i.e. tro is a prefix of u containing all the R; events). Moreover, #u' | C; = .

Now since My < M; we have by GRD_REF and INV_REF that there is some pair of states (v, w)
(abstract and concrete state) reached after executing try for which J(v,w) and I(v) is true. Furthermore,



S.Schneider, H. Treharne & H. Wehrheim 149

V(w) is a natural number. Also by My < M| we have an infinite sequence of pairs of states (v;,w;) (for
the remaining infinite trace u’) such that J(v;,w;). Since each event in «’ is in A; or C; we have from
WFD_REF that V(w;;1) < V(w;) for each i. Further, for infinitely many i’s (i.e. those events in C})
we have V(w;i1) < V(w;). Thus we have a sequence of values V(w;) decreasing infinitely often without
ever increasing. This contradicts the fact that the V(w;) € N. O
A number of further interesting properties can be deduced for the specification predicate CA.

Lemma 5.5 Let P be a CSP process and C,C',R C a.P nonempty finite sets of events.
1. If Psat CA(C,R) then f~'(P) sat CA(f~'(C),f~'(R)).
2. If Psat CA(C,R) and NN C = {} then P ||| RUNy sat CA(C,R).
3. If Psat CA(C,R) and P sat CA(C',CUR) then P sat CA(CUC',R).
4. If Psat CA(C,R) and CNR = {} then P\ C is divergence-free.

Proof:

1. Assume that u € infinites(f ~' (P)) and #(u | f~1(C)) = co. From the first we get f(u) € infinites(P).
From the latter it follows that #(f (u) | C) = co. With P sat CA(C,R) we have #(f(u) | R) = oo and
hence #(u [ f~1(R)) = oo.

2. Let u € infinites(P ||| RUNy) and #(u | C) = . With NNC = {} we get #((u \ N) | C) = oo.
By definition of ||| we have u \ N € infinites(P) (u \ N is infinite since #((u \ N) | C) = ). By
Psat CA(C,R) we get #((u \ N) [ R) = oo, hence #(u [ R) = co.

3. Let u € infinites(P) such that #(u | (CUC")) = . Both C and C’ are finite sets hence either
#(u | C) = infty or #(u | C") = oo (or both). In the first case we get #(u | R) = o by P sat CA(C,R).
In the second case it follows that #(u [ (C UR)) = o and hence again #(u | C) = oo or directly
#(u [ R) = oo.

4. First of all note that if P sat CA(C,R) then P is divergence free. Now assume that there is a trace
tr € divergences(P \ C). Then there exists a trace u € infinites(P) such that rr = u \ C, and so
#(u\ C) < oo. Hence #(u | C) = oo. However, — as CNR = {} — #(u | R) # oo which contradicts
Psat CA(C,R).

]
The most interesting of these properties is probably the last one: it relates the specification predicate to
the definition of divergence freedom in CSP. In CSP, a process does not diverge on a set of events C if
P\ C is divergence-free.

This gives us some results about the specification predicate for single Event-B machines and CSP

processes. Next, we would like to apply this to refinements. First, we again consider just two machines.

Lemma 5.6 Let My < M wn‘h an associated refinement function f| and let M sat CA(Cy,Ry). Then
M, satCA(fl Co)UC] I ( ))
Proof: Assume u € infinites(M,) and #(u | (f;"' (Co) UC}) = oo. We aim to establish that #(u [ £, (Ro)) =
oo, We have #(u [ ' (Co)) =0 or #(u | C1) = oo

In the former case, Lemma 5.1 yields that fi (u | f = (aMy)) € infinites(My). Then

( A7 H(C )) (given)

#(fl( 1(Cy)) I Co) = (since renaming preserves length)
#(fi(ul (aMo)) Cp) =00 (since Cyp C aMy)
#(fl(u (OCM())) 0) = o0 (by M sat CA(C(),R()))
#w [ f~1(aMy)) 1 f~1(Ry) = (since renaming preserves length)
#(u T f;"(Ry)) = (since Ry C aMp)



150 A CSP account of Event-B refinement

In the latter case Lemma 5.4 yields that #(u [ R;) = co. Then

#u | R))
#u | f (RyUCo))
#(u 1 fi ! (Ro)) = ooV #(u | £ (Co))

The first disjunct is the desired result, the second is the one already treated above.

oo (since R; :ffl (CoURy))

O

Note that by Lemma 5.5 (4) the above result implies that the machine M; does not diverge on fl_1 (Co)U
Cy, in particular M \ (f; ' (Co) U C1) is divergence-free.

Similar to the previous case, we can lift this to chains of refinement steps. Consider the last result
with respect to two refinement steps My < M| < M»:

My sat CA(Cy,Rp) (given)
N (My) sat CA(f~'(Co),f ' (Ro)) (lemma 5.5 (1))
fH(My) ||| RUNy, sat CA(f~1(Co).f ' (Ro)) (lemma 5.5 (2),
since ;' (Co) NNy = {})
M; sat CA(f~'(Co),f'(Ro)) (lemma 5.1)
£ M) sat CA(f ' (F1(Co))fs (F ' (Ro)))  (lemma 5.5 (1))
£, (My) ||| RUNy, sat CA(fy ' (f~'(Co)).fs '(f'(Ro))) (lemma5.5 (2)
M, sat CA(f; ' (f~'(Co)).fy '(f(Ro))) (lemmas5.1)
M, sat CA(CLUf '(C), £ (R)) (lemma 5.6)

Then by applying Lemma 5.5(3) to the final two lines, with R :fz’l(ff1 (Ro)), C :f{l (f]’l(Co)), and
C' = CUfy '(C1), we obtain
M sat CA(CUfy H(Cl)Ufs  (fH(Co)) s 5 (i (Ro))
Thus if
MysxM; ... M,
then collecting together all the steps yields that

M, sat CA((f, ' (-..f7(Co) .. U o fy (Coo) UG £ (o f T (R0) ) )

Finally, we would like to put together these results into one result relating the initial machine My to the
final machine M,, in the refinement chain. This result should use hiding for the treatment of new events,
and — by stating the relationship between My and M, \ {new events} via infinite-traces-divergences
refinement — show that Event-B refinement actually does not introduce divergences on new events. For
such chains of refinement steps we always assume that Ag = Cyp = {} (initially we have neither anticipated
nor convergent events), and A, = {} (at the end all anticipated events have become convergent).

For this, we first of all need to find out what the “new events” are in the final machine. Define g;; as
the functional composition of the event mappings from f; to f;:

gij = [ofirts -k
Then noting the disjointness of the union, by repeated application of

CjL‘!‘JAjL‘!‘JRj = ];_1 (Cj,1 H‘JAJ;1 H:Jijl) H’J]Vj
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&1n(Ro)
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Ry
VAN
N

1a(Ro)
UCON

Figure 5: Constructing CON

we obtain
CiWAWR, = g (CoWAWRy)Wey (NI W... g ' (Ni1)WN; A3)
Observe that this is a partition of C; WA; WR;. Also, by repeated application of
Ry = [ R0 Wf(C)
we obtain
RWG = g j(Ro)Wer (Co)We, (C)W...wg  (Ci)w G “

Observe that this is a partition of C; WR;.
In a full refinement chain My < ... < M, we have that Ag = {},Co = {}, and A, = {}. Define:

NEW = gy (N)W...wg, (N -1)WN,
CON = g (Co)W...8g,\(Ci1)WC,

These constructions are illustrated in Figures 4 and 5.
Then from Equation 3 above with j = n, and using Ag = Cy = A, = {} we obtain

CiWR, = gy ,(Ro)WNEW
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From Equation 4 above with j = n we obtain
CiWR, = g ,(Ro)®WCON
Hence NEW = CON. From Theorem 5.2 and Line (2) above respectively we obtain that
S (o (7 (M) -..) ||| RUNew St My
and M, sat CA(CON , £ '(...fy "(Ro)...))

Lemma 5.5(4) yields that M,, \ CON is divergence-free, i.e., M,, \ NEW is divergence-free. Hence by
Lemma 4.1 we obtain that

LN (Y (Mo))..) oo M, \ NEW &)
or, equivalently, that the following theorem holds true.

Theorem 5.7 Let My < M| < ... < M, be a chain of refinement steps such that Ag = Cy = {} and
A, ={}, refining events according to functions f;, and let NEW be the set of events as calculated above.
Then

Mo Crpr fi(fa(...fu(M, \ NEW)...))

Proof: This follows from the result in Line 5 above, using the CSP law f(f~! (P)) = P. O

This result guarantees that Event-B refinement (a) does neither introduce “new traces on old events” nor
(b) does it introduce divergences on new events. This gives us the precise account of Event-B refinement
in terms of CSP which we were aiming at.

6 Conclusion

In this paper, we have given a CSP account of Event-B refinement. The approach builds on Butler’s
semantics for action systems [6]. Butler’s refinement rules allow new convergent events to be introduced
into action systems, so that refinement steps satisfy M; Crp; (M;11 \ Ni+1), and hiding new events does
not introduce divergence. Abrial’s approach to Event-B refinement generalises this approach, allowing
new events to be anticipated as well as convergent, and also allowing splitting of events. Our approach
to refinement using CSP semantics reflects this generalisation and thus extends Butler’s, in order to
encompass these different forms of event treatment in Event-B refinement. We do not yet handle merging
events, and this is the subject of current research.

Recently, an Event-B||CSP approach has been introduced [19]. It aims to combine Event-B ma-
chine descriptions with CSP [17] control processes, in order to support a more explicit view of control.
In this, it follows previous works on integration of formal methods [7, 22, 15, 18, 12], which aim at
complementing a state-based specification formalism with a process algebra.

The account of refinement presented here provides the basis for a flexible refinement framework in
Event-B||CSP, and this is presented in [21]. The semantics justifies the introduction of a new status
of devolved, for refinement events which are anticipated in the Event-B machine but convergent in the
CSP controller. This approach has been applied to an initial Event-B||CSP case study of a Bounded
Retransmission Protocol [20]. We aim to develop investigate further case studies. We are in particular
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interested in finding out whether the work of showing divergence-freedom (and also deadlock-freedom)
can be divided onto the Event-B and CSP part such that for some events convergence is guaranteed by
showing the corresponding proof obligations in Event-B while for others we just look at divergence-
freedom of the CSP process. The latter part could then be supported by model checking tools for CSP,
like FDR [10].
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Perspicuity and Granularity in Refinement
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This paper reconsiders refinements which introduce actonthe concrete level which were not
present at the abstract level. It draws a distinction betveeacrete actions which are “perspicuous”
at the abstract level, and changes of granularity of acti@tseen different levels of abstraction.

The main contribution of this paper is in exploring the rielatbetween these different methods
of “action refinement”, and the basic refinement relation ihased. In particular, it shows how the
“refining skip” method is incompatible with failures-basegfinement relations, and consequently
some decisions in designing Event-B refinement are entdngle

Keywords: Refinement, action refinement, stuttering steps, ASM, EBef, internal operations, weak
refinement, granularity, perspicuity, divergence.

1 Introduction

This paper discusses how different ways of introducingraxactions in refinement (such as weak re-
finement, action refinement, stuttering steps) relate talgerlying refinement relations used (e.g. trace
refinement, failures refinement). In particular, we aim tovglmnow the choices in those two dimensions
are interdependent. The paper is not intended to be polémicformalism/refinement relation is better
than yours”) nor is it really meant to be a first introductiorthe topic. Where it appears to state the ob-
vious, this is in an attempt to ensure that commonalitidterdinces, and design decisions in refinement
relations are exhibited in an unambiguous and uncontralevgsy.

Before describing the issues in detail, we consider an elanihe example is presented in Z, but
the notation used is not essential to what follows in thisgpapn general, most of what is described
in this paper could be expressed in ASM [18], (Event-)B [1][18], binary relations [11], UTP [15]
or many other state-based formalisms; for the moment we malessumptions about what refinement
relation is “in force”.

This example is due to Carroll Morgan, who presented it dugn enlightening conversation at the
2009 Dagstuhl seminar “Refinement Based Methods for thet@ani®n of Dependable Systems”. The
abstract specification is essentially a priority queuesest@s a bag, so taking out an element involves
selecting the minimum of the bag. Obvious specificationsuatfionsmin on bags and (lategorted
on sequences are omitted. The schekalescribes system state§nit initial states, and the schemas
Ain and Aoutthe operations of adding and removing an element. The pdédmmb # [[] is included
explicitly in Aout in recognition of it having to be an explicit guard in altetiwe notations such as

J. Derrick , E.A. Boiten, S. Reeves (Eds.):
Refinement Workshop 2011.
EPTCS 55, 2011, pp. 155-165, doi:10.4204/EPTCS.55.10
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Event-B.
AS _Alnit
(b : bagN AS
b =]
. _Aout
_Ain
AAS
AAS
x? N &
5 = bulx] o s [¥]
x!' = min(b)

The concrete specification uses a sequence to representaghe.dRemoving an element is only possible
when the sequence is non-empty and sorted, in which casdetiner to be removed is at the head of

the sequence. The schef@artdescribes the sorting
herringt and not part of Morgan’s original example.

of the sequence. The scheyakeis mostly a red

CS _ClInit
(s: seqN CS
s=)
_Cin _Cout
ACS ACS
X?:N X' N
§ =57 (x?) s# ()
sorteds)
Sor s=(¢) ¢
ACS _Cycle
itemss= items $ ACS
sorteds) s=()AS=()V

This paper discusses the many ways in which

s = (tails) ™ (head $

one may considaroncrete specification to refine

the abstract one, possibly after a slight modification, asgay not at all, depending on the notions of
refinement and action refinement employed. Before we move gmat level of complication, consider

the composed schen@ortOut== Sort3Cout, whose

__SortOut

meaning is given by

ACS
XN

s# ()

39" : sedN e itemss= items$ Asorteds’) AS” = (X!)

g

10ne might use it to represent the non-determinism in a Histetl implementation where individual clients have no aint

over the access pointer in a cyclical list, ... maybe.
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Then, uncontroversially, in most sensible refinement iaiat the operatiorAout is refined by
SortOut(or more precisely: the data tygAS Alnit, Ain, Aout) is refined by(CS Clnit, Cin, SortOub)
under the retrieve relation = itemss In fact, this is normally an equivalence: refinement alsldfiin
the reverse directidn

The rest of this paper is structured as follows. In Sectione2describe different basic refinement
notions. Then in Section 3 we discuss the various methodsioha‘extra” operations may appear in
refinement steps. In Section 4 we compare how these methodeeesed to model the decomposition of
actions into smaller grained ones, and how this impacts @wdhious basic refinement notions. Finally,
Section 5 presents some conclusions.

2 Basic Notions of Refinement

We have given detailed fully formal descriptions and coriguens of the different basic notions of re-
finement for state-based and concurrent systems in manjopgepgapers, e.g. [6, 11, 5]. Rather than
repeating this and thereby fixing a formalism or even intoioly a new one, we remain informal here,
using various formalisms and their refinement notions astifations.

In basic data refinement, systems (or machines or abstréettyjzes) are compared which have
identical alphabets (or sets of labels of operations (dpastor events)). Apart from conditions on
initial and possibly final states, and other details whichetwl on what observations can be made of
these systems, operations are compared in pairs of ancttaticha concrete operation, with refinement
conditions being some subset of the following properties:

(1) Consistency The effect of the concrete operation is one that is allowethbyabstract operation.

(2) EnablednessWhen operations can be invoked in the abstract state, thebpeavoked in the con-
crete state as well.

(3) Restricted consistencyln states where the abstract operation is enabled, the effélse concrete
operation is one that is allowed by the abstract operation.

Property (1) or its weaker variant (3) represents the essehefinement: that a client would be unable
to observe conclusively that they are using the concreteerahan the abstract system. Property (2)
ensures that the client is indeed able to perform the sameefarents” on both systems. Property (1)
obviously implies (3), and also a converse of (2): where petecoperations are enabled (leading to an
“effect”), their abstract counterparts should be enabled,(in order to allow comparison of effects).
The properties leave out detail about what an effect is, anegsefully vague on “can be invoked” in (2)
to allow a variety of interpretations, and leave any linkivgjween abstract and concrete states implicit.
They are also somewhat biased towards downward simula#iofew examples should make all this
clearer. The refinement relations described below will bereel to in later sections.

Traditional (downward simulationd refinemen{19, 11] is characterised by properties (2) and (3),
with “can be invoked” in a state computed as individual opers’ preconditions, i.e. whether their
defining predicates can be satisfied for some after-statedi@@an (2) is called “applicability” and typi-
cally formulated as

preAOpA R=- preCOp

2A refinement linkingAin to CingSortinstead is equally possible but would require strengthgettie concrete state invariant
to sorted sequence€ingSortthen simplifies to the insert operation of insertion sort.
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where préAOp== 1AS e AOpdenotes the computed precondition. Condition (3) is c4dltedrectness”,
and typically formulated as

preAOpA RA COp=JAS ¢ R AAOp

We have sometimes called this refinement relation the “actitmodel of refinement as it constrains the
implementation only within the original precondition.

Trace refinemenis characterised by (1) only, only requiring that anythingtdoeshappen in the
concrete specification is consistent with the abstract dxegesuch, it represents preservation of safety
properties only, “nothing bad happens”. No concrete operatbeing enabled at all, for example, is an
acceptable trace refinement.

BasicEvent-B refinemer(talled simple refinement in [1, Ch. 14]) is characterised)y with (op-
tionally) a weak alternative to (2): if the concrete statadlecks (i.e. no events are enabled), then so
should the abstract state. Enabledness of events is givergdhgitly specified guards, with a “feasibil-
ity” proof obligation ensuring that they are at least asrgjras any computed precondition. Abrial [1, p.
429] states that condition (2) could be imposed, but “thigpess to be sometimes too strong”. (We will
return to this.)

Failures-based variant®f refinement are characterised by (1) and (2), where (2)iderssindi-
vidual operations for “blocking Z refinement” and singlefarures refinement, or sets of concurrently
enabled operations for failures refinement as in CSP. Wet@{6, 17, 5] for detailed discussion of these
refinement relations and the finer distinctions between thgmch are not relevant in the current paper.

Note that a refinement relation characterised by propejtwiiBout property (2) is nonsensical as it
is not transitive: preconditions or guards can be stremgtti€lack of (2)) and then weakened (by (3)),
but the composition of such steps does not respect (3).

3 Adding Operations in Refinement

The basic refinement rules described above deal only witkithation where the abstract and concrete
specifications have the same alphabet of operations. Thermany ways in which one could allow

a refined specification to have “extra” operations — we ds@sumber of them. First, we mention
alphabet extension and alphabet translation [11, Ch. ¥4jdmpleteness. Then, we get to the core of
this paper: stuttering steps, the introduction of inteoy@rations, and action refinement, and how these
sometimes get conflated.

3.1 Alphabet Extension and Translation

The simplest way of allowing new operations in refinemerdlghabet extensionto just accept them
without any further constraints. If we make the intuitivepstf identifying a non-existent operation with
one that is never enabled, alphabet extension should bectigracceptable in traditional Z refinement:
it means we allow implementors to provide functionalitytthe had not asked for. In a process algebra
context alphabet extension is typically not allowed, ardead that would make sense in our intuitive
view: it would go against refinement property (1), by havimgmatching abstract behaviour for some
concrete behaviour.

In alphabet translationa single abstract operation is implemented by multiplecoete ones, which
requires an explicit mapping, recording for every concugieration which abstract operation it repre-
sents, and thus which operation’s behaviour it needs t@spand with. (If this mapping is not required
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to be total, alphabet extension is subsumed.) A typical @arfor this would be an abstract two-
dimensional grid specification with a “move” operation, alhis refined into “moveNorth”, “moveEast”,
etc. Alphabet translation is allowed in Event-B, where itafled “splitting” an abstract event.

The semantic property established in alphabet translésioevery concrete trace (with its corre-
sponding observations) is consistent with an abstract thaat relates to it by the given mapping (applied
elementwise) with its corresponding observations.

3.2 Perspicuous Operations

State-based systems potentially change state when aperatie executed. When no operation is in-
voked, the state does not normally change. Some formaliakesthis into account by including ex-
plicitly so-called stuttering steps in their semanticgpstwhere the state does not change between two
observations, due to no event having taken place. In the difjthat, it is intuitively obvious to accept
the introduction of additional concrete events as refindmehthe identity operation (a.k.akip) on

the abstract state. We will call theperspicuousconcrete events, to be distinguished from “internal
events” (see below) which incur additional assumptions regirements. In particular, in subsequent
refinement steps, perspicuous operationsatdave a different status from operations that were present
earlier.

Abrial [1] presents a similar motivation for the introduciof new events in Event-B, analogous to
how this is done in action systems [3], and refers to it aséoliag our discrete system in the refinement
with a finer grain than in the abstraction”. Event-B is explabout the introduction of such events as
being refinements ahodelling introducing not just aspects of a solution, but more detfaihe model.
Indeed, where refinement is viewed as only moving from a cetaplescription of a problem to its so-
lution, the introduction of perspicuous operations whichiave nothing in the abstract world can hardly
be useful by itseff. Both action systems and Event-B include a relative de&dteedom condition with
this kind of refinement: the new system should deadlock (eeminate, in the action systems view) no
more often than the old one. The semantic relation estadlisly this kind of generalised refinement is:
for every concrete trace with its corresponding obsermati@an abstract trace constructed by crossing
out all perspicuous actions is consistent with it.

In the running example, under most refinement relations aitkl thhe obvious retrieve relation
items s= b both concrete operatior&ortandCycleare candidate perspicuous operations, as they satisfy
items s= items $and thus relate identical abstract states. They are botltable in every concrete state
and thus are refinements of an abstsdp even when property (2) is imposed.

For perspicuous operations, the notiordofergencecomes into the picture. A collection of perspic-
uous operations is divergent if infinitely often in succeasifrom some state, one of its members can be
invoked. In a trace-based view, where perspicuous opestiould be inserted at arbitrary points be-
tween “normal” operations, non-divergence is necessaensuire that a finite trace cannot get extended
into an infinite one by that process. This is how Abrial [1] ks it'. With additional assumptions,
such as that a system might perform perspicuous operatidiepéndently, divergence becomes a prac-
tical as well as a theoretical problem. Butler [9] explaine hon-divergence requirement in Event-B by
saying “The new events introduced in a refinement step candveed as hidden events not visible to
the environment of a system and are thus outside the corfttbeanvironment” which would suggest

3This isnotintended to be a controversial statement or implicit dstiton Event-B: the crux is in the phralsg itself and
this should become clearer later when we compare the differays of encoding action refinement.

4His use of the term “reachable” is a bit unfortunate, thoughis-tends to be an existential property (some path is finite)
rather than the required universal (all paths are finiteperty required.
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these are not just perspicuous events, but @vemnal events as we will discuss next. In action systems
[3], which are viewed as a main inspiration for Event-B, alliens could be considered to be internal
(even if the variables they modify are not), which conformsrenwith Abrial's explanation than with
Butler's’. A typical method of proving non-divergence is by estalifigha variant (well-founded, strictly
decreasing function) on newly introduced (collectionspafijspicuous operations [8, 12, 1]. If refinement
is based on property (1) rather than property (3), i.e., iomcannot gain behaviour in refinement, then
non-divergence is preserved by subsequent refinement steps

In the example, both perspicuous operations are diverdgdms is obvious from the fact that they
are enabled ireveryconcrete stateSort allows an infinite sequence of invocations of which only the
first does not necessarily correspond to a conkie For formalisms that use infinite traces and allow
stuttering steps, such as TLA, this may not be a problem. Regdaivergence on each of the operations
can be done using several possible small modifications. Meeggnce problem foBortcould be fixed
by including a guard-sorted’s), but this makes it a refinement siiponly if property (2) is not imposed
and guards can be strengthened. Another way would be to add tlt ensureSortis invoked exactly
once after every occurrence Gin or Cycle (possibly also preventing the neRin until after sorting).
A counter could be used to remove divergenc€yrtle with each of the other operations (excluding
Sor) setting the counter to fix the maximal number of occurrermfe€ycleto follow it, and Cycle
decrementing it at every step until it is 0. None of those rications would retain the property thaort
or Cyclerefinesskipif the prevalent refinement relation respects (2).

3.3 Internal Operations

An internal operation is a perspicuous operation with aigpatatus: it is assumed to be invisible to
the environment, and under internal control of the systeln dn process algebras, internal operations
naturally occur in a number of ways. In CSP [14] they arisenfrchannels being hidden, for example
encapsulating an internal communication channel wheniderisg a system of communicating subsys-
tems. They may also be used, for example in LOTOS [7], to emauirnal choice when only external
choice is available as a basic operator. Butler first consal¢he introduction of internal events in B
refinement [8], and based on this approach we introducedKwefmnement” for Z [12, 10], which was
analysed and compared to ASM refinement in detail by Schall[id].

The requirements imposed in this context are inspired by pgess algebras deal with internal
actions, for example in defining “weak” bisimulation: whestandard refinement conditions refer to
a single action, their “weak” equivalents consider the sact®on possibly prefixed and postfixed by
occurrences of internal actions. Thus, the refinement stargiy property, e.g., will state that for every
concrete action, with internal concrete behaviour beforkadter, its effect is consistent with the abstract
action, possibly also pre- and postfixed with (abstrac@rimal behaviour. E.g. in [12] the restricted
consistency (correctness) condition for weak refinemegt(gownward simulation) is phrased as

pre(Inta 3A0P) A RA (Intc§COpgIntc) = JAS ¢ R A (Inta 3AOPSInta)
wherelntc is arbitrary internal behaviour in the concrete state,the.transitive reflexive closure of the

union of internal operations, and similar fonta. Taking this process algebra inspired approach has a
few consequences:

5Note however that Abrial [1] does recognise (on page 414jferdit class of operation thais‘not part of the protocol: it
corresponds to a “daemon” acting ."..
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¢ internal actions have a special status which goes beyonetinement step where they are intro-
duced. They can not only be introduced this way, but mustlastaken into consideration or can
even be removed in subsequent refinement steps.

¢ there is an assumption that if internal actions are necgseamprogress, they will “eventually”
happen, so external operations are viewed as “enabledeiif before-state is reachable through
internal behaviour; in timed process algebras in particutéernal actions are often taken as “ur-
gent” meaning they happen as soon as they are enabled.

e there need not be independent refinement conditions fanigteperations: all internal behaviour
is viewed in the context of its composition with external &abur. Thus, internal operations need
not be refinements ogkip Of course, all internal operations being perspicuoush witernal
operations corresponding as normalpige way of satisfying the refinement conditions like the
one above, but it is not the only way. In fact, in some refinemelations, it may not be a viable
way, see below.

The approaches for B and Z mentioned above only inclymtedentionof divergence in weak refinement
steps. A more general approach, also consistent with thepsalgebraic view, is fareserveor reduce
any divergence that was already present in the abstradfispon. This is worked out in detail in [6],
and the impact of differing notions of “livelock” or divergee is discussed in [4]. The semantic relation
established in this case is roughly that for every concreteet an abstract trace exists that is consistent
with it, with both traces’ subsequencesesternalactions being identicél

3.4 Action Refinement

Alphabet translation described above allows for arbitraatchings of an occurence of an abstract action
with the occurrence of a single concrete action. The modiaiixyway of changing the granularity of ac-
tions is to allow for matchings betwesequencesf abstract and concrete actions. This has been called
“action refinement” [2] or “non-atomic refinement” [10]. ltsimost general form, action refinement
corresponds to ASM 1-ta-diagrams withn possibly greater than 1 [18], generalising the normal com-
muting simulation diagram to one where the concrete effeechieved im steps, without requiring a
relation between abstract amdermediateconcrete states. In this view, all concrete operationdtiegu
from the decomposition are of the same status, with only thxeler having an impact on refinement
conditions. This is also the view we took in definining nooraic refinement for Z [10], work which
was continued by Derrick and Wehrheim [13]. This kind of actrefinement is even possible without
changing the state space involved. It requires an explieitching between abstract actions and con-
crete action sequences, which also extends to traces. Tinge relation aimed for is that concrete
traces are consistent with abstract traces under this éedematching relation. The concrete and the
abstract models end up having different interfaces with #igiproach — this may be exactly what is re-
quired, though. For example, [11, Ch. 13] has an example chtalwwhich in the abstract model has
a ResetTim@peration, which in the concrete model is represented byiassef executions oButtonA
andButtonBoperations.

Considering for simplicity now only the case that= 2, the refinement requirements are like the
introduction of sequential composition in refinement cklsyl16]. Splitting an operation in two means

6In fact it is a somewhat more subtle matching: non-detesmirincluded in a single operation on one abstraction levgl ma
be represented through a different choice of sequencearhiamitactions on the other level, so it is really a relatioiwieen sets
of abstract vs. concrete traces with the same external gubsee.

Avoiding for now the generalisation to-to-n diagrams withm # 1.
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finding an intermediate state (predicate) such that thefiedt’ lands in the intermediate state, and the
second “half” moves from the intermediate to the originééabtate. The problematic issue is what is or
is not allowed to happen in the intermediate state. In a avecticontext, this comes under the heading
of “interference” — when the first “half” of an operation hasen executed, should other operations be
disabled (non-interference, as e.g. discussed for acyistemms in [3]), or should their execution cancel
out the effect of this one? This is a well-known problematieaa discussed also in [10], which we
will not focus on here, as it is orthogonal to the issues dised: when an action is split with part of it
being perspicuous or internal, that also creates an inghiatgestate with the same potential interference
problems.

4 How to Reduce Granularity in Refinement

From the discussion above, it should be clear that theretdeast three semantic models for reducing
the granularity of actions in refinement:

e by introducing perspicuous actions that take on some of WK’ — possibly requiring non-
divergence;

e by introducing internal actions to the same effect — eitte@ngithe limited refinement rules for
perspicuous actions, or by using the more general “weakamef@mt” rules;

e by giving explicit decompositions of actions in which allifsahave the same status.

We limit ourselves for now to the case where we are decomga@siraction into two actions, where the
first part could be viewed as “prepatory work”, and the sequand as the “real work” — in other words,
the situation in our example of refiningoutinto Sort and Cout, where we expecgortto be executed
beforeAout However, in order to concentrate on the general situata&nis consider refinind\Work
into PrepareandCWork

For the methods of reducing granularity by refinsigp, we aim forPrepareto be perspicuous, and
for CWorkto be a refinement oAWork Now consider an abstract state in which the operafidfork
was applicable. If in every corresponding concrete statitld be possible to applgWork then we
have a degenerate situation: we are introducing a new aetieparewhose contribution is unnecessary
in all situations (i.e., it might as well be @ncrete skiptoo). Thus, in any relevant case of reducing
granularity, CWork can be applicable in only a subset of the corresponding eteatates — namely
those wherdreparehas nothing (left) to do. Indeed, becal&epareis a refinement of an abstraskip,
if its before-state is linked to a particular abstract stiten so should its after-state. Again in order to
ensure thaPreparedoes something useful in some circumstances, there shewdrbe abstract states
linked to the before-states Bfrepare

This is where the prevalent notion of refinement makes ardifiee. If condition (2) (“enabledness”)
is in force, we have made it impossible f@Workto be a refinement oAWork becauseCWork is
only applicable in a strict subset of the corresponding meecstates. This holds a fortiori for stronger
versions of condition (2) such as failures refinement.

Thus, condition (2) excludes reduction of granularity btroducing perspicuous actions. It also
excludes reduction of granularity by introducing interaations using the “perspicuous actions” condi-
tions. However, the more general “weak refinement” rulestamsed in combination with condition
(2), as we have shown in [6] in a context with condition (1) amcke, and in [10] with condition (3) in
force. This is explained by not being constrained to comsidethe concrete operation in isolation, but
rather only considering it in the context of possible ingdrroncrete behaviour.
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The other way in which condition (2) is problematic for thémements ofkip is any requirements
for perspicuous actions to be non-divergent. If they araegfients ofskip respecting condition (2),
then they are by definition applicable in all states and thways applicable “again” and by definition
divergent.

Returning to the example, ignorin@ycle for now, refinement reducing granularity is possible in
several ways:

e by havingSort perspicuous, and guarded bgorteds) if it is also required to be non-divergent.
This works for trace refinement (just (1)), Event-B refinetméant not the other forms.

e by havingSortinternal, provided it is guarded bysorteds). This works according to the rules
for Event-B, establishing normal Event-B refinement. Hoevevt can also work for stronger
refinement relations respecting condition (2), but thenrttoge general weak refinement rules
need to be used to establish it. In particular, it would mésmAoutis compared for refinement
with Sort* §Cout

¢ for explicit action refinement of\out by Sort followed by Cout, there is no requirement f@ort
to be guarded (compare the watch example referred to absveoreeptionally the user presses
ButtonB there is no guard preventing the user from doing that irfipivften), and refinement can
be any kind, including relations respecting property (2¢ween (3). In fact, including a guard on
Sortwould disallow the combined concrete output operation atestwhich are already sorted,
and thus be unacceptable if the refinement relation obeysepso(2).

5 Conclusion

The paradox that led to the discussion with Carroll Morgdarred to earlier was the following. If the
work of one abstract operation is split between two concoetes, and one of the concrete operations
makes no progress that can be detected absttagtlyy do we need this action at all? And if we do
need it, how can the other concrete operation, achievingesoum not all of the work of its abstract
counterpart, be a refinement of the abstract one? The answepefully somewhat clarified above. It
requires a notion of refinement that allows for guards to tEngthened. The underlying issue may well
have been known in “folklore” but it is not presented in anyplshed papers we are aware of.
Coming back to Event-B specifically, two of its design demisi are thus closely entangled:

¢ to have essentially a trace semantics with only global dekdbrevention;
e to use stuttering step refinements for reducing granularity

Both lead to relatively simple refinement obligations, whis attractive. In order for Event-B to
strengthen refinement to preserve stronger propertiesasuehcoded in various refusal-based semantics,
it would also have to give up its simple notion of reductiorgcdnularity. It could do this in at least two
ways: either by going the way of ASM and having explicit resfor decomposing operations with their
corresponding conditions, or by going the way of processlatg and giving certain operations explicit
“internal” status which they then would need to retain sgbgatly. In either case, the price of gaining
semantic strength is a considerable amount of complicatioafinement conditions, which may be too
big a price to pay, particularly for a formalism which now tmsmuch (automated) proof tool support
available. Would that be what Abrial had in mind when he wrbig (condition (2)) “happens to be
sometimes too strong”?

8Thus, some degree of data refinement is implied: a refinenieskipon thesamestate really cannot make any progress.
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Postscript

Finally, returning to the running example once more, a lastdwon theCycle operation. It makes no
useful progress whatsoever, but the constraints put ugercéimpletely irrelevant operation in refine-
ment in any “stuttering steps” approach (namely: tamingliigergence), have been no more and no less
than on the supposedly enormously us&aftoperation. Surely that is somewhat disappointing.
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Event-B is a refinement-based formal method that has beeynsiocbe useful in developing concur-
rent and distributed programs. Large models can be decadpot® sub-models that can be refined
semi-independently and executed in parallel. In this papeshow how to introduce explicit control
flow for the concurrent sub-models in the form of event schegiuWe explore how schedules can
be designed so that their application results in a correstpeeserving refinement step. For practical
application, two patterns for schedule introduction avjited, together with their associated proof
obligations. We demonstrate our method by applying it ordiheg philosophers problem.

1 Introduction

Event-B [1, 18] is a state-based modelling framework wighr@ots in the guarded command language
and the Action Systems formalism [3, 4]. It advocates ptuaded correct-by-construction design, ab-
straction, stepwise refinement and model decompositiots asdin development strategies.

In an Event-B model, events are chosen non-determinilstifa execution following the interleav-
ing principle and assuming atomicity of events. Much of tfierein the refinement approach, especially
down in the refinement chain, is about the modeller aimingratrashing the non-determinism in the
model and introducing more deterministic ways of choosimenes for execution. In an extreme case
we can think of the modeller encoding this by using explicibigram counters in the events. Work
on introducing more deterministechedule®f events to Event-B has been studied extensively recently
[8, 11, 14, 20]. The goal has been to avoid explicitly codinig scheduling information into the events.
We base our approach on [8], which concerns sequentialsgstnd extend it to concurrent programs.

When models become large, decomposition strategies aleaufrcus on specific parts of the model.
To be practical, such strategies need to support compaaitieerification in the sense that the modeller
can locally reason about properties of a decomposed pdreohodel even though the underlying Event-
B assumption is that events are chosen for execution fromrttiee set of events in the model. Relying on
the atomicity requirement for events and the interleavemgantics for Event-B models the distinct parts
can be interpreted as concurrently executing models [12]shéw here how the scheduling approach of
Bostrém [8] can be extended so that we can apply it in a cortippal manner focusing only on part(s),
or sub-model(s), of the model. We turn these sub-modelstasks, giving each of them a schedule of
its own. The main addition to the original approach for sedjaé programs is to handle the possible
interferences the concurrently executing tasks mightletxhthis can also be seen as an extension, with
explicit schedules, of the Hoang-Abrial approach [12] teedepment of concurrent programs.

To facilitate practical use of our method, the schedulesrdreduced stepwise into a model via pat-
terns. The patterns have associated proof obligationsedefed ensuring the correctness of the refine-
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ment step. As a result of the schedules, the schedulingniraftion contained in events can be expressed
explicitly in the schedules.

In this paper, we focus on developing concurrent prograriewimg the stepwise refinement ap-
proach. Apart from the introduction of explicit schedulesncurrent programs are modelled within
Event-B in a normal manner [1, 12]. While Event-B models canelsecuted as such using a non-
deterministic scheduler (*animation”), our approach isigeed to be close to traditional programming
languages and results in models that are more efficient tugxen a computer, since more control flow
information is explicitly stated in the schedule than usimly Event-B [8]. The approach can also be
used to replace parts of event behaviour with schedulingrimétion as the scheduling concept as such
is more general than what the focus is here. The scheduleallgagive a process-oriented specification
style for Event-B modeller complementing its state-badele 9, 17].

The rest of this paper is structured as follows. In sectiow® present the foundations needed to
understand our approach. We discuss set transformerdqgiedransformers), the Event-B formalism
and model decomposition. In section 3, we introduce a diptmigpsophers [13] Event-B model, which
serves as a running example. Section 4 presents our mainbeions. We introduce a scheduling
language, show how schedules and tasks can be introduakdearonstrate how it is possible to tackle
the problem of interference from interleaving tasks. Intisecs, we show how our framework can be
applied on the dining philosophers example model. Finalyysum the paper up in section 6, where we
also discuss related work and future perspectives.

2 Foundations

2.1 Event-B

Event-B [1, 10] is a state-based modelling language. Moitkelsvent-B consist of a dynamic and a
static part, referred to amachinesand contexts respectively. The most important parts of a machine
arevariables aninvariant andevents Contexts contain parts such e@nstantswhich can be referred
to from machines. The state space is made up of the varigples, v, of typesZ,, ..., Z,, and can be
modelled as the cartesian prodact 23 x ... x Z,. The eventd,, ..., Ey modify the state space, and
can be written in the following general form [10], whéee 1..m:

Ex = when G(v,c) thenv: |Ac(V,V,c) end. (@h)

Here, v represents the variables the constants seen by the machine, andatti®n v: |Ac(v,V,c) is
the nondeterministic assignment assigningny such values’ for which Ac(v,V,c) holds. Gy(v,c)
represents thguard, which is a condition that must hold in order for the actioriake place. An event
is said to beenabledwhen its guard holds. Each machine also contains a spedat kitialisation

= v: |Ag(V,c) that initialises the state space. Unlike other events,unguarded and does not depend
on a previous state. Events can be classifiedrdisiary, convergenbr anticipated This will be further
explained in section 2.4. The invaridry, c) is a predicate constraining the values of the variables.

2.2 Set transformers

The events in Event-B can be viewed as set transformers {20f.presentation of events as set trans-
formers is similar to the presentation in [10].
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Consider a state spaZe A set transformer is a functiof? (2) — (%) that tranforms a set of states
into another set of states. A weakest precondition setftsemer Sapplied to a set returns the largest
setp from which Sis guaranteed to reach a stategin

We have the following definitions to give a set transformenastics to Event-B models:

s = {vT}
i = {vll(vo)}
& = {v|Gk(vc)} 2

a = {veVI|A(vV,c)}

a = {V|A(V,c)}
The seti describes the subset of the state space where the invatafds. Similarly, the setgk (k €
1..m) represent the state space subsets where @haofithe respective everl is true. The relatioray
describes the possible before-after states that can bevachiby the assignment of the respective event.
Note that the initialisation results in a sgtinstead of a relation, since it does not depend on the prgviou
values of the variables. In this paper, we do not considepgaties of constants separately, as it is not
important at this level of reasoning. The axioms that descthe properties of the constants are here
considered to be part of the invariant.

Let g andq be subsets df, anda be a relation. Furthermor§, S, andS; are arbitrary set transform-

ers. The variables df are denoted. We have the following set transformers:

[a](a) = {vja[{v}] C a} (Nondeterministic updaje ®3)
[g](a) = —gUq (Assumption )
{g}(a) =gnq (Assertion) (5)
(SM1S)(a) = Si(a) NS(0) (Nondeterministic choide (6)
S $(0) = Si(S(9)) (Sequential compositign @)
S¥(q) = uX.(S XTskip)(q) (Strong iteratiol ®)
S'(q) = vX.(S XMskip)(q) (Weak iteration 9)
skip(d) =q (Stuttering (10)
magic(q) = true (Miracle) (11)
abort(q) = false (Aborting) (12)

Here,true andfalse are notations representing the setand 0, respectively. This is because of conve-
nience as well as the fact that the same notation is used ikeseprecondition predicate transformers.
We will also in general use predicate notation for descglsnbsets of the state space. (Nondeterminis-
tic) update is used to assign values to variables in the spatee, of which the stuttering set transformer
skip is a special case, which leaves the state unmodified. Theasstdrmemagic achieves the desired
postcondition (eveffalse) from any state, whereasbort does not guarantee to achieve any postcondi-
tion g from any state. Not even termination is guaranteed. Assompind assertion both behave as
skip wheng is true, but when false, assumption behavemasic, whereas assertion behavesabsrt.
Nondeterministic choice represents demonic choice betweetransformers, and sequential composi-
tion combines set transformers in a sequential manner. Awitant property of demonic choice is that
miraculous behaviour is avoided whenever possible, wiseabarting behaviour is always preferred.
This is demonstrated by the following theorems, which felltirectly from the definitions:

magic[1S=S

abortMS=abort (13)



P. Bostrém, F. Degerlund, K. Sere and M. Waldén 169

The following properties can easily be derived, and the fsroan also be found in [5]:

magic; S= magic abort; S= abort
{o}:; [ ={g} [g]; {h} =[g] (14)
{gnh} ={g}; {h} [9nh] = [g]; [h]

The iteration set transformers are used to achieve repeaesziition. Iteration has been thoroughly

discussed by Back and von Wright [5, 6], and is only shortipsarised here. In both strong and weak
iteration & and S, respectively), the set transform8iis repeatedly executed a demonically chosen
number of times. In strong iteration, the number of exeagtimay be infinite, whereas for weak iteration

it is guaranteed to be finite. Important theorems regardergtion include the followinginfoldingrules:

P =g SPriskip

S =S S Mskip (15)

The set of states in which a set transforrBetoes not behave miraculously is called the guar8.of
The guardg(S) is given as:
g(S) = —S(false) (16)

We can now interpret an eveBk from (1) as a set transformer. Using the definitions from {&,
can now give the set transformig| for Ey as [10]:

[Ex] = [ok]; [ax] (17)

For a set of eventqE, ..., En}, we will use the denotiofE] for the expressiofE;] M. ..M [Eqy.

2.3 Refinement

Refinement is an important concept in Event-B. In this paperare mainly interested in refinement on
the set transformer level, where it can be defined as [5]:

SICS 2SS C (9 (18)

Here,S; andS are set transformers. The intuitive interpretatiorspft S is that if S; will reach a state
in a sets, then so willS,. We say thas, andS; are (refinement) equivalent if and onlySf C S, and
S C S. The relation between the set transformer view of refineraadta proof obligations approach
has been studied in [10].

A set transformedS is said to behave miraculously when executed in a state irs¢h&(false),
i.e. when the execution @ results in a post-state belonging to the empty set. We tipieant to
avoid introduction of more miraculous behaviour duringmefnent. Given a set transform@r and a
refinements,, S, does not exhibit more miraculous behaviour tiganif S; (false) = Sy(false).

2.4 Behavioural semantics

We aim at using Event-B for construction of concurrent paogs. Ultimately we like to show that
a (concurrent) progran is correct given a preconditioR and a postconditior. This correctness
requirement is expressed in the Hoare triple:

{P} S{Q} (19)
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As the basis for our method, we use the development methocbfawurrent programs in [12]. In this
approach, the concurrent programs are built from atomiotevia the same way as sequential programs
are constructed [1]. The progra®is considered to consist of a collection of events. Notetthere is no
control flow other than non-deterministic choice of enaldeents. Using the refinement based approach
of Event-B, the progran® that satisfies the pre/post-specification is derived stepwin order to use
the refinement process to develop programs, the pre-/pestfigation first has to be encoded into an
initial Event-B model. This model has a specific structure itthas an initialisation everihit, progress
eventsprog and a finalisation evetiin. The eventprog model (non-deterministically) the computation
of the program, whildin models the post-conditio@ as a guard. The precondition is encoded in an
external context machine. The semantics of an Event-B mddgbecifying a sequential program is in
this setting:

M = [init]; [prog]*; [fin] (20)

The system is first initialised, thgorog is executed until the postcondition given fig becomes true.
The program can then terminate. The progress evaotg are later refined to create a deterministic
algorithm to reach the postcondition. We will also later ché@ show that the refinemenks of prog
terminate [1], i.e.[E]® = [E]*, as we are interested in total correctness. We assume tHzveait-B
models in the rest of the paper have this structure. Each skienld maintain the invariant and therefore
we assume that there is an invariant asserfigrimplicitly given before and after each event.

We previously mentioned that events can be classifiemtdigary, convergenbr anticipated This is
relevant from a behavioural semantics point of view. Evanégsnormally classified as ordinary, but it is
sometimes necessary to prove that execution of events fignoug will eventually terminate. All events
belonging to this group should then be labelled as convérderpractice, the termination property is
proven by introducing a variant, and by showing that it isrdased by all convergent events. There
is also the possibility of classifying events as anticigatéabelling an event as anticipated indicates
that it will be classified as convergent in a later refinemegp,swhereby the proof is postponed until
further down the refinement chain. The notions anticipatecbavergent should be for the evept®g
to guarantee that the model eventually terminates.

2.5 Decomposition

In order for a refinement based development method to beldedtzre should be a way to decompose
specifications into smaller parts that can be independetaieloped. The verification of refinement
should thus be compositional, i.e., refinement of the inldisi parts should yield a refinement of the
whole system.

Here we will use a decomposition approach based on sharidblegr[1, 2]. Following this approach,
a model can be decomposed into sub-models that can thembelfarther decomposed. The set of sub-
models forms the complete system model.

Definition 1. Sub-model. A sub-model is given as a 7-tuple, E, X, I,init,fin), where v and x are sets
of variables, E and X are sets of events, | the invariant, timit initialisation and fin the finalisation.

The variabless are only visible inside the sub-model, and will be referrea@s internal variables. Vari-
ablesx are shared with other components and will be called extear@hbles. The events can refer
to bothv andx. Since they (also) manipulate the internal variables ofstite model, they are denoted
the internal events. The external everXs,are abstractions that only refer to the external variakles
modelling the effects of events of other components. Heeaeh event irX has a corresponding in-
ternal event in another component. The initialisation ofila-s1odel is given by everitit and the loop
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termination guard is given by eveim. Note that a traditional Event-B model can be seen as a su®&imo
where the sets of external events and external variablesrapgy. A sub-mode(v,x, E, X, I,init, fin)
can be (further) decomposed into sub-models:

(v, X, E, X, 1,init, fin) = (v1,X1,E1, X1, 11,inity, fing) || (v2,X2, E2, X2, 12, inity, fing)
The parallel composition of the sub-models is defined as:

(V1,X1, Eq, X, 1, inity, fing) || (v2,X%2, B, X2, 12, initz, fing)

2 (v UV, (%1 U)\ (V1 UVa), Ex U Ea, (X UXo)\(Ex UE2), 11 A lo,inity | initz, fing || finy) 0
The parallel composition of two events is given as:
X whenGthenv: |SenFiH whenH thenw: |Rend 22)
= whenGAH thenv,w:|SARend
The semantic§V; || M| of a the parallel compositiol; || M is given as:
My || M2] = inity || inito; ([E1 UE2 U (XaUX2)\(E2UE2))])*; [—g(fing || fing)] (23)

The composition can be extended to arbitrary many compsnantecursively merging components
pairwise. Since we want to do compositional proofs of refiaetnwe need to show that refinement of
the individual sub-models lead to refinement of the entistesy. First we need to prove that the external
events provide abstractions of their internal countesp@itniz}; [X1] T [E2] M [Xo] and{i1 Niz}; [Xo] C

[E1] M [X1]. To compositionally prove the refinemeiM; || Mz] C [M] || Mz], we then only need to prove
the refinemeniM;| C [My], see [7].

We need to model that external events are executed a finitderoi times, as they model the
finite execution of their internal counterparts in other-subdels. Since these external events are not
necessarily terminating by themselves, strong iteratammot be used for describing behaviour of sub-
models. The use of weak iteration can be seen as compodlifiomaifying partial correctness of a
program, since termination is not ensured by set transforefi@ement. However, we want to prove total
correctness of the complete system. Since we in this appidad 2] label the eventg as anticipated
or convergent, we show that the model will eventually telatén Hence, total correctness follows from
partial correctness in combination with the Event-B prdoffigations that ensure termination [5, 6].

3 Dining philosophers case study

3.1 Problem description

We are now ready to introduce a model of the dining philosopliE3], which will serve as a running
example. In this section, we show the initial model, we reitires well as decompose it into sub-models.
The dining philosophers scenario can be described as falldlvere are four philosophers sitting around
a round table. Each philosopher has a plate in front of hird,thare is a fork placed between each pair
of adjacent plates. Each philosopher always does one ofttings: think and eat, but not both at the
same time. Furthermore, in order to eat, a philosopher mcistp both of the two forks located next to
his plate. A philosopher can also drop a fork back into itgiogl position, but only after he has eaten.
The basic problem is that if the philosophers pick up thedakbitrarily, there may be deadlocks.
For example, if each philosopher picks up his right forkréheill not be any forks available anymore,
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and no philosopher will have enough forks to eat. Since apbpher will not drop a fork until he has
eaten, there will be a deadlock. One well-known solutiorhts problem is to assign a number to each
fork, and enforce that each philosopher picks up the adjdoek with the lowest number first. In our
case study we assume that we have four philosophers and ntimebierks as follows: Philosopher 1
can access forks 1 and 2, philosopher 2 accesses forks 2 ghdd3opher 3 uses forks 3 and 4, while
philosopher 4 has access to forks 1 and 4.

3.2 Modelling and refinement

Initially we model the scenario as an abstract Event-B nreghwhere the four philosophers eat in a non-
deterministic order. We only model one round, so each pbjlbsr will only eat once. We introduce the
variablesphleaterthru ph4eatento model whether each philosopher has eaten. The évigtisation
sets these variables to FALSE. The evdpitd Eatthru Ph4Eatfor the four philosophers then represent
the progress of the model. They model that a philosophemdath has not yet eaten by setting the cor-
responding variable to TRUE. Finally, eveffinalisation checks that all four philosophers have eaten.
The Initialisation andFinalisation events are classified as ordinary events, whelrdd€at ..., Ph4Eat
are convergent, since they correspond togiog) variables in (20). We now have:

variables invariant Initialisation (ordinary) =
phleaten phleatere BOOL begin
ph2eaten ph2eatere BOOL phleaten= FALSE
ph3eaten ph3eatere BOOL ph2eaten= FALSE
ph4eaten phdeatere BOOL ph3eaten= FALSE
ph4eaten= FALSE
end
Ph1Eat ¢onvergent = Finalisation érdinary) =
when when
phleatenr FALSE phleaten- TRUE
then ph2eaterr TRUE
phleaten= TRUE ph3eaten TRUE
end ph4eaten TRUE
then
skip
end

In the first refinement step we introduce the forks, which aoel@lied as variableforkl thru fork4.
They are of type 0..4 to represent which philosopher thateatlly holds the fork. Value 0 represents
the fork lying on the table. All forks are initialised to thi@lue. There are 16 new events in this
refinement step: two for each of the four philosophers ggttieir adjacent forks (e.deh3GetFork3and
Ph3GetFork, and two events for each philosopher releasing the carreipg forks (e.gPh3RelFork4
andPh3RelFork3. Note that philosopher 4 uses forks 1 and 4.

In order to be able to prove that the new events will not taler ttve execution, we classify them as
convergent and give a variant that they decrease. Therevamable that can be used as a variant, but
when each new event is executed it will disable itself andlitvot be enabled again. Hence, we define
a functionv as follows:
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v={ (FALSEFALSEFALSE)+ 5,
(TRUE FALSE FALSE) — 4,
(TRUE TRUE FALSE) — 3,
(TRUE TRUE TRUE) — 2,
(TRUE FALSE TRUE) — 1,

(FALSE FALSE TRUE) — 0}

The first and second dimension of the triple correspond tatlvenea philosopher is holding his left or
right fork, respectively. The third one indicates whetherhas already eaten or not. The variant is then
formed as a sum of the values of functierapplied on the variables of each philosopher. The refined
model is now as follows:

variables invariant Initialisation (ordinary) =
forkl forkl€ 0..4 begin
fork2 fork2e€ 0..4 forkl:=0
fork3 fork3€ 0..4 fork2:=0
fork4 fork4de 0.4 fork3:=0
phleaten e fork4:=0
ph2eaten variant phleaten= FALSE
ph3eaten v(bool(forkl = 1),bool(fork2 = 1), phleater) ph2eaten= FALSE
phdeaten +v(bool(fork2 = 2),bool( fork3= 2), ph2eater) ph3eaten= FALSE
+v(bool(fork3=3),bool( fork4 = 3), ph3eater) ph4eaten= FALSE
+v(bool(forkl=4),bool(forkd =4), phdeater)| |end
PhlGetForkldonvergent = Phl1GetFork2donvergent = PhlEat ¢onvergent =
when when when
fork1=0 fork1=1 forkl1=1
phleater= FALSE fork2=0 fork2=1
then phleaten FALSE phleaten FALSE
forkl:=1 then then
end fork2:=1 phleaten= TRUE
end end

Ph1RelFork2¢onvergent =
when

Ph1RelForkl¢onvergent =
when

Finalisation 6rdinary) =
when

fork2=1 fork2=0 fork1=0
phleaterr TRUE forkl=1 fork2=0
then phleaterr TRUE fork3=0
fork2:=0 then forkd=0
end forkl:=0 phleater TRUE
end ph2eater- TRUE
ph3eaten TRUE
ph4eaten TRUE
then
skip
end

Note that when the function is called, the fork variables are not directly mabas parameters. Instead,
we check whether the currently evaluated philosopher hibldsfork or not. Thebool function is a
technicality of Event-B that is needed to convert the resiulbe comparison into a value of BOOL.
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The events corresponding to philosophers 2, 3 and 4 easngekas picking up and releasing their
respective forks are analogous to the events of philosophand are thus not shown here. We now
have a refined model for the four philosophers eating, anldeméext subsection we will decompose this
model.

3.3 Decomposition

In the decomposition step we separate the functionalithefour philosophers in such a way that each
philosopher constitutes a sub-model of its own. The partitig we achieve is shown in the table below.
Since philosophers 2 and 4 share fork 2 and fork 1, respégtivéh philosopher 1, the external events
of sub-model 1 are Ph2GetFork2, Ph2RelFork2, Ph4GetFaréPa4RelForkl. Analogous reasoning
is used to find the external events of the other sub-models.

\ | Sub-modell | Sub-model2 | Sub-model3 | Sub-model4 |

Internal PhlEat Ph2Eat Ph3Eat Ph4Eat

events Ph1GetForkl Ph2GetFork2 Ph3GetFork3 Ph4GetForkl

PhlRelForkl Ph2RelFork2 Ph3RelFork3 Ph4RelForkl

Ph1GetFork2 Ph2GetFork3 Ph3GetFork4 Ph4GetFork4

Ph1RelFork2 Ph2RelFork3 Ph3RelFork4 Ph4RelFork4

External Ph2GetFork2 Ph1GetFork2 Ph2GetFork3 Ph1GetForkl

events Ph2RelFork2 Ph1RelFork2 Ph2RelFork3 Ph1lRelForkl

Ph4GetForkl Ph3GetFork3 Ph4GetFork4 Ph3GetFork4

Ph4RelForkl Ph3RelFork3 Ph4RelFork4 Ph3RelFork4

4 Concurrent programs

This far, we have considered model decomposition, regultinsub-models that can be refined semi-
independently. We are now ready to examine how these suleishodn be executed in a concurrent or
parallel setting. This problem has been studied in [12]ciwlg a case study showing how to decompose
Event-B models into concurrently executing sub-modelstehige extend this approach by giving sub-
models explicit flow control in the form of event schedulesstéad of the traditional nondeterministic
choice. An important concept in our approach is the conckfasks which we define as follows:

Definition 2. Task. A task is an 8-tuple, x,E, X, 1,init, fin,S) where v are the internal variables, x the
external variables, E the internal events, X the externahnésy; | the invariant, init the initialisation,
fin the loop termination condition, and S is a schedule confog to the syntax in (24) concerning the
internal events E.

Since all coordinates, except f8 are the same as in a sub-model, a task can be seen as anaxtensi
of the sub-model concept. Whereas the events of traditdaedmposed sub-models are executed non-
deterministically, the internal events of a task are sclesbaccording td&5. The schedulé& may only
consist of internal events, and the set of events in the sthésidenote@(S). We assume thd = e(S),
since if an internal event was not included in the schedtieould never be executed.
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4.1 Scheduling language

In order to describe schedules of events we give a small sihgdanguage [8], which adheres to the
following syntax:

S 1= PS—S|PS
PS = doSod |S][...[S|E]|{g}

Here— represents sequential compositimon-deterministic choicelo od is a loop,E an event and
{g} is an assertion.

(24)

4.2 Semantics of tasks

The semantics of schedules is given using a funcitbad that maps each schedule to the corresponding
set transformer as in [8]. However, when scheduling thetsvara task we need to consider interference
from other tasks. A goal of the scheduling language is to ketatexpress schedules of internal events in
such a way that interference from external events does netthebe explicitly taken into account. Such
interference freedom is instead proven separately. We eowrsively define a functiosched(S X)
whereSis a scheduleX is the set of external events.

sched(PS— S X) = sched(PS X);sched(S X)

sched(doSod,X) = ([g([e(S)UX])];sched(SX))";[~g([e(S) UX])]

sched(S[... [ S, X) = sched(S,X)M...Msched(S, X) (25)
sched(E, X) = [X]*;[E]; [X]*

sched ({g}, X) = {9}

The scheduling function takes the schedglas well as the set of external eveKtas input and outputs a
set transformer containing both internal and external isvein arbitrary (but finite) number of external
eventsX can occur before and after an internal evenin a schedule. This is modelled by the set
transformefX]* on both sides of the event.

Consider a system consisting of two tadis= (v1, X1, Eg, Xg,inity, fing, S) andT, = (vo, %2, E2, X2,
initp, finy, ). To find the complete system behaviour, we need to compogagks, i.e. obtaif; || T,.
However, the number of interleavings of atomic set trams@&s grows exponentially with the length of
the schedule [19]. Hence, we need an appropriate approaelgon about the interleavings in order to
make refinement proofs manageable. Here we make the restrilcat we only consider tasks where the
set transformers obtained after scheduling can be decadpot® a loop containing the demonic choice
of atomic set transformers. This is an extension of the aapraised in [12], where the programs are
built from atomiceventghat are chosen non-deterministically for execution. Cositfipn of such tasks
can be easily handled [7]. We have the following requirenfi@nschedulability in our approach:

4S11,...,Sn- SChed(Sl,Xl) = (Slll_l ..MSKM [Xﬂ)*; [flnl] (26)

where allS;; are atomic compositions of internal events. Using thesmiatset transformers we can
now use the traditional parallel composition [7]. The setitarof the composition of the whole system
T1 || T2 is now given as:

[To || 2] = [inity | inita]; ((MiSy) M(M;S;))" [fing || fing] (27)

This approach thus extends the decomposition method in2Rwith the possibility to reason about
groups of sequentially scheduled events, instead of owmliviolual ones. However, to find the groups
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Si1,--., S is in general non-trivial. Here we will give special casesated apatternsto make the
verification of schedules manageable in practise.

4.3 Introduction of schedules

Schedules are introduced for the sub-models as a refineegntis which we convert sub-models into
tasks. The introduction of schedules has to constitute aemnt step in order to ensure that the prop-
erties we have already proved for the models before inttboluof schedules are preserved. Note that
we do not support scheduling of anticipated events, so theg to be turned into convergent ones before
the introduction of schedules.

We now need to show for the two tasks= (v1, X1, E1, X, init1, finy,S;) andT, = (o, X2, E2, Xo, init1,
fing,S):

M1 || Mz] € [Ty || T (28)
where sub-modeM; corresponds to task asM; = (vi, X, Ej, X;,initj, fin;). As in the traditional de-
composition method, we can use external events to perfompositional proofs of refinement. Here
we rely on the property (26) to decompose schedudhed (S, X;) into a loop consisting of atomic set
transformers. We need to show that for all ta$k¥]:

{inNiz}; [Xij] C & (29)
([e(S)]M[X])*;[fimi] C sched(S,X) (30)

In (29) we assume that for any external evEjtc X, there is one corresponding atomic set transformer
&j in another tasK. To give a practical approach to the decomposition of sdesdequired by (26),
we give patterns that give generic instantiations of thentjfied variables. In the patterns we rely on
special cases of scheduling constructs where we know wercae (29) and (30). Patterns thus encode
reusable schedule structures. One such case is when theudtion of sequential behaviour does not
alter the behaviour of the sub-model. Another useful speaise is when the introduction of sequential
behaviour does not modify the externally visible behavioia sub-model. We use the same scheduling
approach as in [8], where patterns are applied on schedtdpwise and we prove that each pattern
application leads to a refinement of the previous applioatio

A pattern consists of precondition aschedulearesultand a number odssumption The precon-
dition predicate describes under which conditions theepaits applicable. The schedule part describes
what schedule the pattern is intended for, and the resuitgbags the set transformer that is produced
when the pattern is applied. The assumptions are extra tommslithat have be fulfilled in order to use
the pattern.

Pattern 1 The first patternPy, introduces sequential behaviour into a sub-model.

Pl(Elv hv g, Sv X) =

Precondition : h

Schedule :E1—{g}—>S

Result : {h}; X*; Eq; X*;{g};sched (S X)

Assumption1 : hC —g(e(9) (31)

Assumption 2 : g C —g(Ep)

Assumption 3 : {g};(XMe(S)) C (XMe(S));{g}
Assumption 4 : {h};X C X;{h}

Assumption 5 : E; = Ej;{g}
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The first assumption states that the preconditiémplies that the events following; are disabled. The
second assumption states thansures thdk; is disabled. Context information cannot be propagated in
schedules without taking interference into account. Hemeaeed assumptions 3 and 4 to state that
andh are invariant with respect to the environment. Furtherngshould also be invariant for all events
in the schedul&. The last assumption states tlEatwill establishg. We also directly use the event name
E; instead of the set transformf; ], as well a<€ instead of E].

In order to stepwise use patterns we need to show that eatibadjgm of a pattern is correct, i.e. that
(30) holds. In order to do that, we assume #uied(S X) represents a yet unscheduled loop of events
sched(S X) = (e(§ M X)*; [g(e(S) M X)]. We instantiate the existential quantifier in (26) wihasE;.
Hence, we then need to show tHat; sched (E; — {g} — S) = {h}; X*; E1; X*;{g};sched(S). Note that
we also rely here on the properties (32)-(34) in Lemma 1. ldiste that to ensure (30) we here assume
iN—-g(EMX) C g(fin). The reason for formulating the pattern in this way is to ble &b use the same
verification approach also to nested loops.

Lemma 1. Context preservation. fg}; SC S {g} then:

{9};S={9};S {9} (32)
{9};S ={9};S"; {9} (33)
{g};S" = ({g},9" (34)

The proofs of the properties in the lemma are straightforveard they are omitted for brevity. We can
now prove the correctness of pattén

Proof.

{h};sched(E; — {g} — S, X);[~g(E1MEMX)]
= {Representation akched(E; — {g} — S}
{h} (EtMEMX)*; [-g(ELMEMX)]
= {Decompositior6] : (SMIT)* = (ST*)*; T*}
{h}; X*5 (E1ME; X*)*; [~g(E1MEMX)]

= {Distributivity}

{h}: X" ((Ex; X*) 11 (E; X*))*; [g(ELMTEMX)]
= {Decompositiof

{h}; X5 ((Ba; X7 ((B; X7); (Bas X)) [~g(BEL ME X))
= {Unfolding (15)}

X ((Bqs X0); (Bq; X7)7) Niskip; (B X7); (B X*)*)" [~g(E2MENX)]
= {Assumption 3 and Propert3)}}
X5 {hs (g X7); (By X)) M {hg (B X7); (Bas X)) [—g(BELMEMX)]
= {Distributivity, assumptiomh C —g(E) and disabledness of gugrd
1} X5 thy; (B X0); (By X7 (B X0); (BEa X)) [g(Ba ME X))
= {AssumptiorE; = Ej;{g}}
{hy X7 {hy Ba X5 {g) (B X0)5 (B X7); (B X)) [mg (B MENX))
= {Assumptiong C —g(Ey1)}
{h}; X*;{h}; Ex; X*;{g}; (E; X*; (Ex; X*)*)*; [~g(E2MEMX)]
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= {Property(34) and x below}
{h}; X5 {h} B {9h X5 {g); ({9} B X5 {g})"; [g(E1 MENIX)]
= {Leapfrog[6]: S (T;9*=(ST)*S}
{hy X7 {h}; Ba {9 X5 (19} B X7) {0} g (BaMEMX)]
= {Assumptiong C —g(E1) and{g};[g] = {g}}
{hy X7 {hy; Ba {9 X5 (1) (B X7)) " {9} [~g(EMX)]
= {Lemmadc)in [6]: S* = S*; S and decompositign
{h}; X5 {h}; B {gh X5 ({91 EM1{gh X) %5 [~ (EMX)]
= {Property(33) and assumption}5
{hy X B X {g); ({91 EM{gh X) "5 [~g(EMX)]
= {Representation akhed(S X)}
{h}; X*; E1; X*; {g}; sched(S,X)
The proof of stepx is:
({g}:E; X7 (Eq; X))
= {Assumption 3 and Properti¢32) and33)}
({g}:E; X" {g}; (Eq; X))
= {Assumption 2
({ghE X5 {g})"
O

Pattern 2 The second patterti, also introduces sequential behaviour. However, this timeshow
that we can group local behaviobp to an arbitrary event.

PZ(E].? EZ? h7 gv S.|.7 X) =

Precondition : h

Schedule Ei—>Ex—{g}—S

Result o {h}; X*; Eq; X*; Eo; X*; {9} sched (S X)

Assumption 1 : hC —g(e(9))

Assumption 2 : gC —g(E1MNEy) (35)

Assumption 3 : Ex X =X;E

Assumption 4 : {g(E2)}:X = X;{g(E2)}
Assumption 5 : {g};(XMe(9) C (XMe(S));{g}
Assumption 6 : {h};X C X;{h}

Assumption 7 : E; =Ep; {0}

The assumptions in pattef are similar to the ones iR. However, we additionally need assumptions
that states tha, andX do not interfere with each other (assumptions 3 and 4). Teepttoe correctness
of the pattern we need to show that

e By instantiation of (26) we get{h};X*;E1; X*; E2; X*;{g};sched(S X) = {h};(E1;E2Me(S N
X)*; [~g(EaME2Me(S)MX)]

e Refinement (30){h};sched(E; — Ex — {9} — SX) C {h}; (Ey;E2Me(S)MX)*; [-g(ELME2M
e(SnX)]

e Deadlock freedomi{h}; (E1;ExMe(S) M X)*; [-g(EiMExMe(S) M X)|(false) = {h};sched(E; —
E; — {9} — S X)(false)
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The deadlock freedom proof obligation ensures that thedsdimg does not introduce new deadlocks.
This was not needed in pattey, as that pattern does not alter the behaviour of models. fdafpare
straightforward using the assumptions in the pattern. @hgires that the scheduling does not introduce
more deadlocks than in the original system.

5 Scheduling of dining philosophers

We now return to the running example introduced in sectiorJ. till now, the dining philosophers
model has been refined and split into sub-models. Now, we $fmwthe sub-models can be turned
into tasks by introducing schedules. In the scheduling gssave use the patterns given in section 4.3.
Correctness will be proven by checking the assumptionseopditerns. We will concentrate on how to
derive a schedule for task 1. The schedules for task 2, 3 and #e& derived analogously.

Our approach is that the schedule should be formulated &atlit fulfills the previously mentioned
solution to the dining philosophers problem, i.e., thatheplsilosopher should pick up the lower num-
bered fork first. Since we first want to pick up fork number 1, wish to schedulePhl1GetForklas
the first event. The correct order of events will BelGetFork]l Phl1GetFork2 Phl1Eat Ph1RelFork2
Phl1RelForkl This is captured by the following schedule:

PhlGetForkl- {0;} — PhlGetFork2+ PhlEat— {g.}
— Ph1RelFork2— {gz} — Ph1lRelForkl— {gs}

The assertions in the schedule are needed to capture imli@taeesults and thereby enable verification
of the schedule in smaller parts.

We now want to prove that it is correct to schedBRlelGetForklas the first event. To show this,
we will follow patternP; introduced in Section 4.3 and show that the assumptions Dr thé pattern
are fulfiled. We instantiate pattef® as P;(PhlGetForKL h;,01,S,%1), wherehy = (forkl # 1A
phleaten= FALSE), g; = (forkl = 1V phleaten= TRUE), S = PhlGetFork2» PhlEat> {g,} —
PhlRelFork2— {gs} — PhlRelForkl— {94} and X1 = {Ph2GetFork2, Ph4GetForkl, Ph2RelFork2,
Ph4RelFork}.

We chose preconditioh; so that it also is an invariant for the external evexis Here,h; states
that philosopher 1 does not hold his forks nor has he eatemeder, we chose assertignto state that
philosopher 1 has picked up fork 1 or eaten. This conditicamigvariant for the eventg S ) U X;; and
established byrh1GetFork1l We now confirm that the assumptions for the pattern hold:

e h; = (forkl # 1A phleaten= FALSE) implies that events in(S ) are disabled. This holds, since
they are only enabled when philosopher 1 holds fork 1 or heenea

e The assertiom; = (forkl = 1V phleaten= T RUE) following eventPh1GetForklensures that
PhlGetForkilis disabled. Since; is a negation of the guard &hl1GetForklthe second assump-
tion is fulfilled.

e 0; is an invariant of the environmer{(S ) U X;;. This is fulfilled, since in the events e{S)
philosopher 1 holds fork 1 or has eaten. Moreover, the evienk; that share fork 1 are not
enabled when philosopher 1 holds fork 1, and none of thesgewaodify variablephleaten

e hy is an invariant of the external everXg. Since none of the external events model that philoso-
pher 1 picks up fork 1 or modify variablghleaten this assumption holds.

e EventPhlGetForklestablisheg;. This holds trivially sincd’?h1GetForkimodels that philosopher
1 picks up fork 1 forkl := 1).
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To verify the complete schedule, we then apply pati&rance, followed by three applications ef.
In the last application oy, the schedule following the assertion is empty. This camberpreted as a
schedule with an event that is always disabled. When tasls béen fully proven, the whole procedure
is repeated to schedule tasks 2, 3 and 4 in the order showe falile below (for simplicity, the assertions
are not shown).

Task 1 Task 2 Task 3 Task 4

Ph1GetForkl Ph2GetFork2 Ph3GetFork3 Ph4GetForkl
— PhlGetFork2 | — Ph2GetFork3 | — Ph3GetFork4 | — Ph4GetFork4
— PhlEat — Ph2Eat — Ph3Eat — Ph4Eat

— PhlRelFork2
— PhlRelForkl

— Ph2RelFork3
— Ph2RelFork2

— Ph3RelFork4
— Ph3RelFork3

— Ph4RelFork4
— Ph4RelForkl

6 Conclusions and related work

In this paper, we have proposed a method of correct-by amigin development of concurrent pro-
grams using Event-B. The programs are first developed a®gedpby Hoang and Abrial [12]. From
this development process we obtain a number of sub-modatsctimmunicate via shared variables,
which represent the program. We then introduce explicitrabfiow in the form of schedules for each
sub-model, so that each sub-model/schedule corresporadattly one task. The schedules are intro-
duced as correctness preserving refinements. We use armssfiimer semantics for Event-B, as well
as well known algebraic rules [6] for the analysis of comess. The schedules are verified in a step-
wise manner, and each step carries some related proof tiatigaThe schedules enable more efficient
implementation of the Event-B models as more explicit aarffiow information is available than for
pure event-B models. We can, e.g., use the transformatiof8 to introduce traditional control flow
constructs, such as while loops and if-statements, as wefrmove unnecessary guards. Furthermore,
the schedules give a process-oriented specification ofgdhaviour of the models.

Our goal is to compositionally reason about concurrent iamog. This has been a very active field
of research [19]. Our approach directly extends the appramg¢12] for development of concurrent
programs with explicit schedules of events. Compositiorakoning in this setting goes back to the
work of Owicki and Gries [16] and Jones’ Rely-Guarantee saax) [15]. The decomposition method
based on shared variables in Event-B [2, 12] is based on tHeas. Essentially the same approach is
also available for action systems using the refinement kedi]. The theory for decomposition in the
set-transformer setting is largely based on that paperer8eapproaches to introducing control flow
into Event-B models have been developed. Hallerstede’soapp in [11] to adding control flow only
deals with sequential programs and it is thus more relat@&bstirom’s earlier work [8]. The scheduling
approaches in [14, 20] can also handle concurrent schedulfst] the scheduling (referred to 8swg
is expressed using a special purpose language, while inpi@ach [20] the scheduling is expressed
in CSP. The latter approach can be seen as an extension abrtherf Processes or flows are both
considered to communicate via shared events. Our focusdsrapositional verification and scheduling
of concurrent programs that use shared variables for conwauion. However, in both approaches not
all events need to be scheduled, but non-scheduled eventoasidered interleaved in the scheduled.
This could be used to take into account external events,ardite used for compositional verification
of shared variable programs also. Our contribution is flotde 1) Compared to purely event-based
modelling, we consider explicit schedules of events thatlsainterleaved 2) We do all analysis on the
level of set transformers, which gives convenient fornmalis algebraically perform the needed analysis
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of Event-B models 3) We provide patterns and a method to dpygtterns for introducing control flow
in a stepwise manner. This is important, since verifying thaertain event schedule is correct can be
very challenging and reusable scheduling structures cguifisantly aid in this task.

Set-transformers give a powerful framework to reason alimant-B models on a high level of
abstraction. They give a good basis for creating reusaliterpa for scheduling, which are essential
for practical applications. If schedules are introducechdast refinement step, as in the example of
this paper, existing tool support can be used for developmetiill, but not including, the scheduling
step. Future work involves investigating tool support fanedule application. Generation of refinement
proof obligations for scheduled models is also of intergst;e that would allow for schedule intoduction
earlier in the refinement chain.
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